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1 Introduction

The quantitative approximation of positive linear operators to the identity has been a subject of inten-
sive research since the 1980s. The author has made substantial contributions in this area, especially
through the introduction of a geometric moment-based framework for analyzing the weak conver-
gence of finite positive measures toward the Dirac measure. This methodology has produced sharp
bounds and best-possible estimates, laying the foundation for further developments in the theory of
approximation; see [1-4]. These results have been extended to both univariate and multivariate cases,
although in the present article we focus solely on the multivariate setting over the infinite domain.

The author has also initiated, since 1997, a systematic investigation into the quantitative con-
vergence of neural network operators to the identity operator. This line of research has resulted in
numerous articles and monographs over the years; see [2-6] for representative contributions. The
current study draws heavily from the techniques developed in [6] and is particularly guided by the
foundational framework outlined in [7].

In this work, we consider for the first time a class of multivariate generalized logistic neural network
operators defined on the infinite domain and interpret them within the framework of positive linear
operators. This perspective enables the application of classical approximation techniques for positive
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linear operators on unbounded domains, leading to novel and meaningful results concerning both
pointwise and uniform convergence.

Convexity cases are also treated here producing sharp results. We also use Fréchet derivatives.
Furthermore a strong connection of our operators to measure theory is established with respect to
probability measures. The works [8] and [9] have consistently served as key sources of inspiration for
the development of the present framework. Further foundational developments in the theory of neural
networks can be found in [10-15], which provide a classical background on the subject. For more
recent advances and applications in neural network research, the reader is referred to [16-25].

2 Fundamental Definitions and Notation

As a starting point, we adopt the approach presented in [6], specifically on pages 395-417. The
activation function utilized in our framework is defined via a ¢-deformation and depends on the
parameter A as follows:

1

T 11 gA z€R, ¢A>0, A>1.

Pg (2)

The function in question corresponds to the A-generalized logistic form. Further discussion can be
found in Chapter 16 of [6].

Our present study is inspired by the discussions in Chapters 15 and 16 of [6]. In particular, the
“symmetrization technique” we introduce is designed to process only half of the data input in our
neural network models. The corresponding density function is given as follows:

1
Gy (2) := B (pgr (@ +1) —@gr(x—1)), z€R, ¢,A>0.
We have that
Gor(—2) =G, (2), (2.1)

q7
and
Gi1,(—x)=Ggx(z), Yz eR. (2.2)
q7

By summing equations (2.1) and (2.2), we arrive at the identity

G (—2) + G1, (=) = Gy () + G1 (x), Yz eR,
q’ q’

which plays a central role in our analysis. Accordingly, we define
Gq,)\ (z) + G%,)\ ()
2

which is an even function, exhibiting symmetry about the y-axis. The global maximum of G ) occurs
at the point given in [6], Eq. (16.18), p. 401:

G log 4 q _ AN —1
AP 2(A*+1)

xXr) =

Likewise, the function G'1 , reaches the same maximal value at the symmetric point
q b

G logA% _a —logsq\ AN —1
AN )T T A T 2(ANF 1)
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Hence, both functions attain identical global maxima at points symmetric with respect to the origin.

From Theorem 16.1, p. 401 of [6], we get

o
> Galw—i)=1, VzeR, \¢>0, A>1,

1=—00
and

Y Giy(w—i)=1, Vo eR A\g>0, A>1
. q’

1=—00

As a direct consequence, we establish the identity

Y W(@-i)=1, VzeR

1=—00

Furthermore, based on Theorem 16.2 in [6], p. 402, it follows that
o0
/ Ggx(x)dr =1, X\ g>0, A>1
—00
An analogous result holds for its reciprocal form:

/ 00G 1, (z)dr = 1.
—c0 a’

Hence, the average
[e.e]
/ W (z)dr =1,
—00
confirming that W (z) qualifies as a valid probability density function. In addition, Theorem 16.3
from [6] (see p. 402) asserts that:

Let 0 < a < 1 and choose n € N such that n!~® > 2. Under these assumptions, we have the
estimate:

o

Z Gy (nx — k) < 2max {q, 1} _ _ ’YA_)\(nlfa_Q)j

6 AMnl—e—=2)
k=—o0
Inz — k| > nl=®

where A, ¢ > 0, A > 1, and v := 2max {q, %} A similar inequality holds for the dual function:

[e.o]

Z Gi,(nz—k) < ’yA_’\(”lia_Q).

k= —o00
Inz — k| > nl=@

Therefore, for the symmetrized function W, we obtain:

[e.9]

Z W(nx —k) < WA*)‘("I_Q*Q), (2.3)

k= —o0
Inz — k| > nl=®
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confirming the exponential decay of the tail.

We now proceed to the multivariate framework. As a reference model, we follow the exposition in
Chapter 15 of [6], pp. 365-394.

Remark 2.1. Let us define the multivariate function

N
Z (01, w) = 2 (@) = [[ W () = QLN [T (Gur+G1,) ),
=1

r = (r1,....,2n5) ERY, X\ q>0, N €N. The function Z satisfies the following properties:

(1) Positivity:
Z(z) >0, Vo € RY,
(i) Partition of unity:

[e.9] o0 o0 o0

Yo Z@—k:= > > Y Z(m—ky,.ay—ky) =1,

k=—00 ki=—oc0 ko=—c0 ky=—o0

k:=(ki,...,kn) €ZN,V z € RV,
hence
(791) Scaled partition of unity:

Z Z(nx—k)=1, Ve e RV;n €N, (2.4)

k=—00

(tv) Normalization:
/ Z (x)dx =1,
RN
meaning that Z is a valid multivariate probability density function.
(v) Ezponential decay estimate: Define the infinity norm by ||z|| . := max {|z1|, ..., |zy|}, z € RY

with oo = (00,...,00), —00 := (—00,...,—00). Then, for any 0 < f < 1, n € N such that
n'=P > 2, we have

[e.e]

3 Z (na — k) < yA " 7772) (2.5)
Lo
15 ==l > 75
. 1 N
where'y.—2max{q,a}, and x € RY.

We make
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Remark 2.2. Let x € [1,00). Applying the mean value theorem, we obtain
1
Goa (@) = 5 (Pga (2 +1) =9 (g - 1)),

1, , g \ln A
— 2 = =

2

where 0 <z — 1< & <x+ 1. Then, we drive
Gy (7) < (@A In A) A < (gAIn A) A=Y >,

Similarly it holds

Gi,(z) < <1)\lnA> A_)‘(x_l), x> 1.
q’ q

And finally, it holds

W (z) < % <q+ 1) (AlnA) AN >, (2.6)
q

where g, A >0, A > 1.
We also make

Remark 2.3. We would like to estimate (n,m € N) :

> W (|Inz — k|) |nz — k|™
= —00
lnx — k| >n'=?

o

N| = ——

(2.6)
< q+ 1) (Aln A) > Ina — k|™ A~ MIne—kl=1)
q
k= —o0
Inxz — k| >nl=8
1 1 - m _—A(In A)(Jnz—k|—1)
= 3 q+a (AlnA) Z |nx — k| e
= —00
lnz — k| >nl=8
1 1 A - m _—A(In A)|nz—k|
= 3 g+—-)A(InA)A Z |nx — k" e
q

k= —o0
Inx — k| >n'=8

For convenience set pn:= AIln A > 0. Notice that

ml

0o [ plnz—k| 0 m
plna—k| 2 w|nx — k| 1
e 2 = >
0! - 2
6=0

Then, we get

nx — k" plna—k|
<M2|> <mle 2 , or
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[nz—k|
(ulnz — k)™ < 2™mle™ 2, or

plnz—k|
2

2m
|nz — k|™ < —mle
i

Therefore, we see that

(%) < E <q+ 1) A (In A) A*
2 q
s 2m Aln Alnz—k|
1, _—Aln Alnz—k|
Z o (lnA)mm'e 2 e
= -0
Inx — k| >nt=?
1 1 A 2m >0 _ Aln Alnz—k|
= - - I —— s E—
5 (q—i— q> A(lnA)A T (lnA)mm‘ Z e 2
k= —o0
lnx — k| >n'=B
1 1 AN i Aln A
— a + - B_T‘nm_k‘
2 (q q) Am=1 (In )™ ! 2

k=—o0
lnxz — k| >nt=?
1 AN & _AlnA,
< q+ - —3 / e 2 Ydx
q) A1 (InA) nl-B_1

2 < +1> Ar2m) </°° _AlgAxd<Ah’1A) )
= — e X
In A 1 q) Am=1(In A)m_l nl-B_1 2

A
(q + % ANt B
= A (lnA)m ( € |n1*/3—1)
(q + % ANy ymif1
- A (In A)™ (e 5 >
(q +g) ANl
- A (In A)™ (e % )
1 Agm—+1,,1
e
™ (In
Thus, we have proved:
0 q+1)2mtim! B
> W (Inz — k|) [nz — k™ < ( )\mq(?nA)m A3 (n'7=3)

9

(2.7)
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where myn € N; g, A\ >0, A > 1, 0< 3 < 1; see also [7].
We also make

Remark 2.4. We also estimate (v := Zmax{q, é})

o0

> W (|lnz — k|) (1 4 |nz — k[)™

W (|nz — k|) (1 + |nz — k™)

IN

)

i
g

= gm—1 > W (jnx — k)

+ > W (Inz — k|) |nz — k™

= —00
lnz — k| >nl=P )

(q + %) 2mtiml

(by (23)1(27)) 1-8 A 1-8
< 2m71 A—)\(n —2) A—f(n _3)
= 7 T mam :
We have proved that
> W (|nx — k|) (1 + |nz — k)™
= —00
Inx — k| >n'=h
g+ 1) 2mtim!

< gm-l ,YA—)\(nI*["—Q) i ( q) A_%(nlfﬂ_3>

A™ (In A)™ ’

where m,n € N; g, A >0, A > 1, 0<B<1,’y:2max{q,%}.

We give
Theorem 2.1. Let 0 < f < 1 and choose n € N such that n*% > 2, m € N; A > 1, ¢\ > 0,
v = 2max {q, %} . Then

0 (q + é) 2mtlml
_ m _ 77(711 '873)
E |\ne — k|| Z (ne — k) < X (In A)7 A™2 . (2.8)

k=—o0
{ {keZV :|nz -kl >n'"F}
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Proof. Assume that k € ZV satisfies the condition |nz — k|, > n'=#. By the definition of the
infinity norm, this implies that there exists at least one index r € {1,..., N} such that the inequality
|nx, — k| > n'=8 holds for some k, € Z. In other words, the set of all such multi-indices & is contained
in a union of sets, each characterized by a deviation in a single coordinate direction. This allows us to
reduce the multidimensional analysis to a one-dimensional estimate along the direction in which the

deviation occurs. Then, we get

{k: cZV : |nx — k|| > nlfﬁ}

C Uivzl {ZN_I U {k‘r €L :|nx, —ky| > nl_ﬂ}}

c zZ¥ 'y {k €L nwpe — kype| > nlfﬁ},

for some k* € {1,..., N}. Next, we observe that

o0

) Ine = kI Z (nas — )

k= —o0
{keZN :|nz -kl >n'""}
< >
ke = —00
{kr* € ZN : |nxpr — kpe| > nlfﬁ}

1 m+1,.,1
<q+ q) 2 m'Afg(nl_ﬁil‘)’)?
N (In A"

<

where we used (2.7).

We also give

Theorem 2.2. All as in Theorem 2.1. Then

> Z(nz—k)(1+ |Inz — kl|,,)"

k=—o0

|n@px — ko | W (|n2pr — kpx|)
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Proof. We have

oo

Z Z(nx —k) (14 |nx — k| )™

k= —o0
Inz — k||, >n'~7

< ogm-l > Z (nx — k) (1 + ||nz — k||2)
k= —o0
||n:1; - k”oo 2 nl_ﬁ
= om-l Z Z (nx — k)
= —00
||TLSL‘ - k”oo > nl_ﬂ
+ > Z (nz — k) ||nz — k|| |,

k=—o0
an - k||m > nl_IB

which gives

o0

> Z (nx — k) (1 + ||nz — k|| )™

k= —o0
Ine — k| = n'=?

(q + %) 2m+)

_A(pl-B_
A (n 3)
A™ (In A)™ i

< 2m—1 ,_)/A—)\(nl_ﬁ—2)+

due to (2.5) and (2.8).
O

Definition 2.1. Let f : RY — R be a bounded and continuous function, that is, f € Cp (RN), where
N € N. The modulus of continuity, denoted by wy (f,9), is defined for any § > 0 as

wi(f,6)= sup |f(x)=f(y)l, 6>0,

z,yERN:
lz—yll oo <6

In a similar fashion, the modulus wy can also be defined for functions in the space Cy (RN), that
is, for all bounded uniformly continuous functions. A function f belongs to Cy (]RN) if and only if
w1 (f,0) = 0 as § | 0. For further details, see [5].

Denote by B (]RN ) the bounded functions on RY. Our attention now turns to the definition of the
neural network operators.
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Definition 2.2. Let f € Cp (RN). We define the multivariate quasi-interpolation neural network
operator Ay, (f,x) by

~ ~ s k
A, (f,x) = A, (f, 21, ..., = — | Z —k),
()= Aalfnnen) = 3 1) Zine b
where x € RY and n € N. Equivalently, this can be written as
N
k1 k:g kn
Y YLy f< n) (me_m)
ki=—oco ko=—0c0 ky=—00 i=1

In addition, for any f € Cp (RN), we also define the multivariate Kantorovich-type neural network
operator as follows:

I?n(f,x) = n(f,:clj..., N)

= Z (nNA” f(t)dt)Z(na:—k)

k=—o00 n

= Z Z Z < /k1+1/::1.../;N"Hf(tl,...,tN)dtl...dtN>

k1=—00 kg=—00 kny=—o00
X (H 7% (na:l — kﬂ)
i=1

forn € N and V x € RN. Again for f € Cp (RN) , N € N, we define the multivariate neural network

operator of quadrature type Qn (f,x), n € N, as follows. Let 0 = (61, ...,05) € NN, r = (r1,...,rn) €
ZN; Wy = Wrypy..ry = 0, such that

n

01 02

%] N
Z’U)r - Z Z Z Wryryry = 15 k€ ZN,
r=0

r1=07r2=0 ry=0

and

0
k r
Ok () = Onkr o, n (f)Zwa <n T 719)
01 02
kl 7’1 ]{:2 9 kN rN
- 52T er< nfy n+neQ""’n+neN),

r1=07r2=0 rny=0

T
where § = (%, g—;, . ﬁ) . We put

Qn (f,2) == Qn (f 71, yan) ==Y Sk (f) Z (na — k)
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Remark 2.5. We notice that

E+1 k141 ko+1 kn+1
/ f(t) dtZ/ / / f(tl,tz,...,tN) dtidts...dtn
k k1 ko kN

1 1 1
n [ n k k k
= / / / f<t1+1,t2+2,...,tN+N> dty...dty
0 0 0 n n n

Thus, it holds
00 1
Ka(f,2)=Y_ nN/nf<t+k>dt Z(nx—k).
k=—0c0 0 n

We do have that Xn (1) = IN(n (1) = @n (1) =1, V n € N. Denote by én any of gn, I?n, @n and they
are positive linear operators mapping Cp (RN ) into B (]RN )

3 Auxilliary Results

Here let g e RNV, 0 < 8 < 1, n € N:n'=# > 2 and m € N. Tt follows:

Proposition 3.1. It holds that B
Ap (|- = zoll%) (z0) > 0,

and ( )
1 m+1,.1
11 \atg)2immt
R A3 (n'P=3) 1
w8 T m T (In A)™ : =0 (3:-1)

0< A (- = 2ol o) _ <

(=0, as n — +00).

Proof. We have that

~ >k m
0 < An (|- = zoll5) (o) kz_:oo n || (nao — k)
o k m
= Z — —x0|| Z(nxo—k)
n o0
k=—00
15 = ol o < 75
+ i E—acomZ(mco—k)
n o0
= —0
15 —oll > 75
< i1 i Inzo — k| Z (nao — k)
- nf nm 0 00 0
k= —o0
Inwo — kllo > n'=P
1 m+1,..1
(ZSS) i—i— 1 (q+q)2 m'Afg(nl—ﬁfs)'
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Therefore it holds

1 1 (q + %) om+1m)

A m _A(pl-B_
0< HAH(H_xOHoo) (J:O)Hoogm_‘_nim )\m(lnA)m A 2( 3) — 0, asn — +oo.

Proposition 3.2. It holds
0 < Ky (I = zoll5e) (xo)

n nf nm A™ (In A)™

1 +1
V2o € RV, (=0, asn — +oc0). That is
0 < | B (- = 20l12) (o) | _
< |(Gr3) + I [t (i) m o] L

(=0, asn — +00).

Proof. We have that

0 < Ky (|- = 2ol %) (wo) = D (nN/On

k=—o00

" dt) Z (nxzg — k)

[e.e]

k
t+ — —xg
n

00 1 m
< ) <nN I (Hz— +woo) dt)Z(mo-k)
ke — oo 0 00
B a2
— Z Z (nzo — k) <Hi—$0 +Tll>
k= —o0 ~
15 = ol < 7
+ Z Z (nxog — k) <Hz—$0 +:L>
= —00 OO
1% = ol = 7
_ r1\"™ 1 S 7 k k n™
< (L 5 (no — ) (o — Kl + 1)

k= —o0
Inwo — k| > n'="P

2.9 m m—1 _ q+ 1 ! 3
(2.9) <1 n 1> N 2 ’YA_/\(nl L)) n ( q) A= (n17-3)
n
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Proposition 3.3. It holds that

1 m+1,,1
A 1 1 m 2m71 _ 1-8_ <q+ )2 m.
0<Qn(||_$0”2) (:L‘O)S (n-}_nﬂ> + ,YA )\(n 2)+ q

_A(pl1-8_
A (n 3)
am Ay o =%

V2o € RY, (=0, asn — +o0). Hence we get

1) om+1,1
~ 1 1\ om-l (=B (q+ q)2 M A (pi-s_
R <(=+= (n'=9-2) (n'=F-3)
0< HQ”(H ‘7”0”00)(5”0)”00 - <n+n5> o 4 YD (In A)™ A =%

(— 0, as n — +00).

Proof. We notice that

00 0
Qn (- =20l %) (x0) = Y (Z wy

k=—oc0 \7=0

m
*‘i‘*—xo
n n

> Z (nxo — k)

o0

[e'S) 0 m
k r
< R _ _
< 3 (Sl nl TRl e
k=—o00 \r=0 o0
< — - - Z —k
- k’:z_:oo ( n 0 9 " 7’L> (nxo )
1 m+1,.,1

1 1\™ om-1 - <q + q) 2 m! A(o1-g
< — 4+ — A_A(” —2) A—f(n —3)
- <n + n5> T | YD (InA)™ ’ =

as earlier in Proposition 3.2. O

4 Main Results
Next we present approximation results.

Theorem 4.1. Let 0< <1, neN:n'"# >2 fe Cp(RY), N €N. It holds

RN Gt R

Hg"(f)_fHoogwl Pt ama < o0

Futrhermore, if f is uniformly continuous, then we observe that A, (f) = f, pointwise and uniformly,
as n — +0o0.

Proof. We can write

gn(fvm):ANf(t)dux(t)7
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where (t; (RN ) =1, p, is a probability measure on RY. The support of y, is discrete and countable,
at the points £ = <k1 k| k—N> eRN, k;eZ, i=1,..,N. Each % carries the weight Z (nx — k) =

N
[ W (na; — k;) . Indeed here we have that
i=1
oo 04 oo 00 0o N
S Zoe-0'E Y Y LY (HW(W —k;i)) - 1.

k=—o00 ki=—ocockos=—0c0 ky=—oco \i=1

Here it is wy (f,h) < o0, h > 0. By Lemma 7.1.1, p. 208, [4], we get that

70 - @ < (rm | 157 ).

where [-] is the ceiling function. But it holds

h - h '

Thus we get
[t — ]

We have that

Therefore

(F ()= f (2)) dpe (t)‘ <

RN

/RN 1F (t) = (@) dpz (8) < w1 (f, ) [1 e N1t = 2l dite (t)] |

h

Choosing h := [pn ||t — 2| o di (t), we obtain

2,10 = 1 @] < 20 (1= ldins (©)) =201 (1.2 (1 = 2l @)
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But we have (0 < 5 < 1)

~ >k
0< A (= al )@= Y |5 o]zt
k=—o00 o0
. k
= Z ﬁ—xooZ(nx—k)
{ R
15 =2l < 7
- k
+ Z — —z|| Z(nx—k)
e
15 =2l = 5
< L 1 3 k|l Z k
< Lyl > e = Kl Z (02— k)
k= —o0
Inz — k| >n'?
1
@ 1.1 (4+7)4 A3 (n7-3),
n® n AlnA

So that it holds

Al = ll) () < o5 +

as n — 4o00. Tehn, we get

1
~ 1 1la+3 4 A (B
An(f,ﬂ?)—f(l') < 2w f7 nﬁ+n()\1nq/2A 2(1 3) < 00,

which completes the proof. O

Next comes a convexity approximation result.

Theorem 4.2. Let f € Cg (RY) : |f (-) — f (w0)| is convez, o € RN. Then

RN Cht) KO

Avn(f,l‘(])—f(l‘o)‘gwl f, m‘FE NI < 400,

(— 0, as n — oo, given that f is uniformly continuous, i.e. lirf A, (f,x0) = f (x0)).
n—-+00o

Proof. Based on Lemma 8.1.1, p. 243, [4], we obtain the following. Let (V,||-||) be a real normed
vector space and f : V — R such that |f (¢) — f (z0)| is convex in t € V; g € V. Then

’f(t)—f(xo)lém(hm\\t—xo!!, ViteV,h>O0.

That is, it holds here
w1 (f, h
70— o) < 2y over B (4.1)
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We have that
Au(foa0) = Flao) = [ (50 = F @) diay (0,

and

A () = £ )| < [ 170~ £ ol diay (0= = ol dy (1)

R

(we take b= [p [t = Zollo dag (8) = A (|- = 20ll0) (20) > 0)

= (£, = ol diay ) = (1.2 (1 = 0ll) 00).

Thus, it holds
A (f.20) = £ @o)| < wn (£ A (I = @0]0) (0)) (42

Inequality (4.2) is sharp, namely it is attained by f (t) = ||t — o/, ¥ t € RV, 29 € RY. We have
A (f20) = £ (20)| = An (]l =20 (o).

Next we observe

ot (£ (I = @0ll0) (@0)) = w1 (I = @ollog + An (I = w0]l0) (a0) )

= sup l[[t1 — wollo — Ilt2 — @ol| & |

{ t1,t2 € RN .
[t1 — t2lloo < An (| — 2oll &) (20)

sup It = t2lloe = An (- = z0lloo) (0)

{ t1,t2 € RN .
181 = talloo < An (I = 2oll) (z0)

e (£, A0 (1 = wll) (20)) = A (I = 0l ) (0).

Thus (4.2) it is attained. Continuing on (4.2) we have that

w1 (£ A (I = 20ll0) (0) ) < @ <f (nlﬁ i< a) n1=9_3) ))

The theorem is proved. O

IN

So that

From [4], pp. 232-233 we mention

Theorem 4.3. Let i be a finite measure of mass m > 0 on M # &, which is a conver subset of the
Banach space (V. ||-||) and xo € M be given. Assume that

1
1 . @
(5 [ =l ()7 = Dy 2w > 0, men
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Let f : M — R be a bounded continuous function, whose Fréchet derivatives fU), 1 < j < n emzist, are
bounded and continuous functions. Assume that wy (f(”),an+1 (:co)) < w, where r,w > 0 are given.

Then
] / fdyu — f (o)
M

"1
< |f (@o)| [m — 1] + = £Y9 (o) (x — m)’ p (da)
) z;j/ o) (z — 70
1

mw [nr? LTy
T ool e Dy (
1
Corollary 4.1. When (M) =1 and (fM | — x| p (dx) )2 ) > 0, it holds:

' /M Fdu — £ (x0)

Proposition 4.1. Let pu be a finite measure of mass m > 0 on M # &, which is a convex subset of
the Banach space (V,||-||) and xo € M be given. Assume that

( / o= ivo\IQM(dw)f = Dy (w0) > 0

and consider v > 0. Let f : M — R be a bounded continuous function, whose Fréchet derivative f()
exists, is bounded and continuous. Then

- \ [ (@) (@ = ) (o)

< (1.5625) wy <f(1), %Dz (CL’O)> Ds (o) -

‘ /M fdu — £ (x0)

< 8% (2 + \/ET‘)Q w1 (f,, rDo (1‘0)) Do (l‘o) .

1f o) fm - 1] - \ [ 1% ) (2 = 0 )

Corollary 4.2. Let i be a finite measure of mass m > 0 on M, which is a convex subset of the
1
Banach space (V,||]]) and zg € M be given. Assume that (fM |E3 —330||2u(da:))2 := Dy (x9) > 0.

Consider r > 0, let f: M — R be a bounded and continuous function, whose Fréchet derivative fO
exists, is bounded and continuous. Then

‘/ Fagi— F (w0)| — 11 (o)l m — 1] - ‘/Mf(” (o) (z — o) 1 (d)

< 3r (2 + \/77“) w1 ( T’DQ (xo)) D2 ({L‘()) s Zf?“ < \F’
- Vvmws (f ( ) rDy (xg)) Dy (xg), ifr> \/m

By Theorem 4.3 we obtain:

Theorem 4.4. Let f € Cp (]RN), whose Fréchet derivatives f9), 1 < j < m, m € N, exist, are
bounded and continuous, r > 0, xo € RY. Denote

0< (Zn (H- — xoum“) (xo))“”1+” ‘= D1 (20) -

Assume that
w = w1 (f(m), TDm+1 (xo)) > 0.
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Then

A, (o) = £ @) < |30 54 (19 @) ¢ =20 (a0)

j=1
w [mr? r 1

—_——_— 4=+ —| D7 .
rm! [ 8 + 2 + (m+ 1)} m+1 (%0)

By Corollary 4.1 we get:

Corollary 4.3. Denote

N

Dy (w0) = (A (Il = 20l*) (x0)

which is positive, g € RY. Assume that

1

w1 (f(l), §D2 (.CU())) > 0.

Then

Ao (F0) = 1 )| = 2 (79 o) = a0)) )| < (150251 (£ 52 (00) ) Do),

By Proposition 4.1 we get:

Proposition 4.2. Let f € Cp (RN), whose Fréchet derivative f(l) exists, is bounded and continuous,
r >0, zog € RN. Denote

1
Ds (w0) = (An (|- = w0]?) (w0))*
which is positive. Then

A (Fm0) = 1 w0)| = [ A (70 0) (- = 20)) (o) < - (247w (7D (20)) D2 (o)
By Corollary 4.2 we have:

Corollary 4.4. Here all as in Proposition 4.2. Then

A (fy0) = £ (20)] = | An (D (w0) (- = 0) ) (a0)|

< { & 2472w (fO,rDa (w9)) Da (o), if r <2,
wi (fM,rD2 (20)) D2 (wo), if 7> 2.

We make

Remark 4.1. We have that

1

Dy (@) = (A (I = 20l (20) ™

31 q+l 2m+2 m+1 ' (m+1)
6. (1 1 (o) -3

=\ nf T amtl o \mtl(1p A)TH -0
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as n — +oo. And, furthermore we get

1
~ 3 1 1 (q + 5) 16 (s
Daan) = (A (1= rol?) o) < | (24 2700 s g
2 (20) [+ = @ol|”) (z0) )~ < B +n2 X2 (In A)? 2 -
as n — +00.
We make
Remark 4.2. On Theorem 4.4 : Assume that f9) (z9) =0, j =1,...,m. Then
A (£,20) = f (w0)
1
q+ 1) gm+2 (m + 1)! ) (m+1)
< Lo gm Lyt ( q) A3 (177=3) (4.3)
- rm! T\ A ol el (g 4)™ !
1 m (mn-ll—l)
mr2 +f 1 i 1 <q—|—5>2 +2 (m—i_l)!A—%(nl*ﬂ—i’)) o
8 2 (mtn)| \nf T ym (1g 4)m ] ’

as n — 4oo. That is Er}rl A, (f,z0) = f(20) -

Case m =1 in (4.3) :
Assume fO) (z9) =0, then

Au (f.20) = f (20)

1
11 <q+*>16 A (p1-5
< = @) BT S VA ()
= P A wi e )\Q(InA)QA :

NI

1
2

1
2 1 1 1 (q + *) 16 _
X [r ; } N1 A=5(P8) | S0, asn— oo

s a2\ WP TR e may

implying again ngrilm Ay (f,x0) = f (z0) .
We continue with general results and their applications.

Theorem 4.5. Let (L), be a sequence of positive linear operators from Cp (RN) ito B (RN),
such that L, (1) = 1. Assume 0 < Ly, (||- — zo|| ) (x0) < +00. Then

| Ln () (20) = f (o) < 2w1 (f, Ln (I = 2olloo) (20)) < 400 (4.4)

EI-EOOL” (f) (wo)

Given that liril Ly (|| — zollo) (xo) = 0 and f is uniformly continuous, we get that
n——+0oo

f (o).
Proof. We have that wy (f,h) < oo, h > 0. We got by (4.1) that

n

700 = £ ol <o (1) [1+ =200 ] over R (15)
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Hence we derive

Lo () @0) = S o)l = 1L (7 ()= £ (20)) (o)
< Lallf 0= o)) o)
(g 14 Lol ()

(choose h := Ly, (||- — zoll,,) (zo) > 0)

=2w1 (f, Ln (I = 2ol ) (0)) -

Next we apply (4.4).
Theorem 4.6. Let ne N:n'"#>2 0< 8 <1, zg € RN. Then

[ () @0) = £ (w0)| < 201 (£, K (I = m0ll) (w0)) < +ox,

and

@u (1) (20) = £ (0)| < 201 (£:Qu (I = 300) (w0) ) < +oc,

and

Aln A

)z Sl o) o

Given that f € Cy (RN) we derive that K, (f) — f, én (f) = f, as n — 400, pointwise and
uniformly.

Proof. Along with (4.4) we use of Propositions 3.2, 3.3. O
We continue with the convexity case.

Remark 4.3. Let f € Cp (RY) and |f (-) — f (z0)| is convez over RN. Then, by (4.1), we have

£0) - Fao) < LS,

over RN, zo € RV,
Acting as in Theorem 4.5 we derive:

Theorem 4.7. Let (Ly),cy positive linear operators from Cp (RN) wmnto B(RN) : Ly (1) = 1.
Let f € Cp(RY) and the convex function |f (-) — f (zo)| over RN, 2o € RY. Assume that 0 <
Ly (|- — zollo) (xo) < +00. Then

[Ln (f) (z0) — f (z0)| < w1 (f, Ln (|l — 2olls) (20)) - (4.6)

The last (4.6) is attained by f(t) = ||t — 2o, V t € RN, 29 € RN, that is sharp. Given that f is
uniformly continuous and Ly, (|- — xo||l) (x0) = 0, as n — oo, then Ly, (f) (x0) = f (x0), as n — oo.
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Next we apply Theorem 4.7.

Theorem 4.8. Let f € Cp (RY) : |f (-) — f (w0)| is convex, zo € RY. Then

Ko (f,m0) — f (0)
Qn (f,20) — f (20)

1
11 1 - q+5)4 -
wi | fi|ll=+—5)+= ’yA_A(”l i=2) 4 <q>A_;("1 ) < +o0.
n nb n Aln A

IN

Given that f € Cy (RY), we obtain that K, (f) (z0) = f (%0), OQn (f) (z0) = f (z0), as n — +oo.

Proof. By (4.6) and Propositions 3.2, 3.3. O
We make

Remark 4.4. We consider (R, ||||.) and (RN)j denote the j-fold product space R]Y X ... x RV

endowed with the maz-norm Hx||(RN)j = gllgécjmk\\oo, where x = (x1,...,x5) € (RN)J, Then the

space L; := L; ((RN)j ;R) of all real valued multilinear continuous functions g : (RN)j - R isa

Banach space with norm

lg ()]

21l - 175l

lgll:==llgllL; = sup g (2)| = sup

ol vy =1)

Let zg € RN be fized, and f : RN — R be a continuous and bounded function whose Fréchet derivatives
f9 RN o 1y = 1; (RY)SR)

exist and are continuous and bounded for all1 < j <m, m € N. Call (z — l’o)j = (x — g, ...,k —x0) €
(}RN)] =RY x ... x RN, Then, by Taylor’s formula, see [26], p. 124 and [27], we get
—_———

+ Ry (z,20), allz € RY,

where

1 —u m—1
Ry, (z,x0) := /0 (1) (f(m) (o +u(x—x0)) — fm) (xo)) (x — x0)™ du.

Here we assume that f\9) (r9) =0, j =1,...,m, then

1 _um—l
f@) o) = [ EY

S m=1 (f(m’ (20 + u(z — 20)) — f™ (xo)) (& — o)™ du.

Consider
wi=w (10,0) = sup |7 @) = s )|, n >0,
{ z,y € RN

[z = ylle < h
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Notice that w < +oo. We obtain that
| (£ @o 4 e = 20)) = £ (o)) (& = 20)™|| < || £ (0 + = 20)) = £ (a0) |l = o

ullz — zo
< wlz— x| [th—‘ ,

by Lemma 7.1.1, p. 208, [4]. Therefore for all x € RV :

"ullz — 2 — )"
PO fanl < wlo—an [ [l ) LW,

= whp ([l —20ll)

by a change of variable, where

1t Dy %0
O, (1) ::/0 {h](’i’_)l i‘ (]Z% (It] — 7 - h) ) (120)

t € R; (x), = max{z,0}. For a full list of properties of the spline function ®,, see Remark 7.1.3 of
[4], p. 210. By (7.1.18) of [4], p. 210, we have

|$’m+1 ’.T|m h|x’mfl
o, (z) <  VzeR
($>_<(m+l)!h+2m!+8(m—1)! re

Consequently it holds (x € RY)

~ (m) |u mw“ |z — ol | Rz — @l
So that » B
UO—f@MSwﬂﬂmﬁ>Ck:muh+w ol 220l ) (17)

over RN . Let (Ln),en e a sequence of positive linear operators from Cp (]RN) into B (]RN such that

L,(1) =1,V n e N. By|fl <|fl, if —|f] < f < |fl, then =L, (|f]) < L, (f) < L, (|f]), and
|Ln, ()| < Ly (|f]) - Hence

L (f () = [ (20)) (o) < L ([f (-) = f (20)]) (20)

(@) [ (=) @) L (= ol (o) P (1= w0l (o)
< e (fn) { (m+ 1)1 * T 8(m 1)

— (©. (4.8)

We need the following Holder’s type inequality for positive linear operators.

Theorem 4.9. Let L be a positive linear operator from Cpg (RN) into B (RN), and f,g € Cp (RN),
furthermore let p,q > 1 : %—i— % = 1. Assume that L((|f (-)|")) (s«), L((lg (-)|?)) (s«) > 0O for some
s. € RN, Then

Q=

L(F () g0 (52) < (LS OF)) ()7 (L (g ()[D) (5.)) (4.9)



Multivariate Generalized Logistic Neural Networks on Infinite Domain 50

Proof. For a,b >0, p,q > 1 with % + é = 1, the Young’s inequality gives

al bl
ab < — + —.
p q
Then
P q
1 (5) 9 SN T 1] RN

| .
(L((f ) ()7 (L((g ()

Therefore, we observe that

L(f () g (D (s:) | | _ _
(L((F OP) ()7 (L (g (D) (s~ PEWALOP) () a(L(UgOI) (s4)  p - a

for s, € R, which completes the proof. ]

B =

We continue with

Remark 4.5. Let g=1 and Ly, : L, (1) = 1, then by (4.9) we get:

Lol = aoll2) 20) < (n (I = a0l (@) ™7,

and

Lo (I = ol &) @) < (L (I = 20l 20)) 7

where m € N and Ly, (H —x ||m+1> (z9) > 0. Continuing from (4.8):

B m+1 "
050 o) 2GR

_m

(1 (1= liz) ) ™ (120l () *

2m! + 8(m —1)!

_|_

_1

(assume h = (Ln (H -z ||m+1> (wo)) " >0)

- <f(m ( (” _“”mH) > ) [ m+ 1l " ;;:' +8(mhn: 1)!}
= o (70, (L (1= 2 () ™)
% (L" (”' _SEOH?OH) (x"))#l [(m—ll—l)! * 2:,2! * 8(m1— 1)!] '

We have proved that
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Theorem 4.10. Let f € Cp (RN), zo € RN, Fréchet derwatives fU) continuous and bounded with
@) (x9)=0,75=1,....,m. Then

|Ln (f) (z0) — f (20)] 1 .
<o (4, (2 (1= 27 () ™) (B (1= 22H) () ™

1 1 1
VneN.
X [(m+1)!+2m!+8(m—1)!}’ ne

Here L, (1) = 1, L, positive linear operators from Cp (]RN) into B (RN), under the assumption
L, (H - xOHZZ)H) (xg) > 0. Let Ly, <|| —xOHZlH> (o) = 0, as n — o0, then lirf Ly, (f) (zo) =
n——+0o0
f(@o) -
Now using Theorem 4.10 we get the next result for the operators C:)n
Theorem 4.11. Let f € Cp (RN), zo € RN, Fréchet deriwatives fU) continuous and bounded with
fO (z0) =0, =1,...,m. Then
10 (1) (o) = f (o)
1 _m

< w (f<m>, (& (- = zollz"™) (m))“) (8 (- = ollZ™) (20)) ™"

1 n 1 N 1
(m+1)!  2m! 8(m-—1!|’
VneN:n'= 8 >2 0<p<1. We get the pointwise approzimation

lim ©, (f) (x0) = f (20).

n—-+o0o

Proof. Here O, any of Zn, I?n, @n By Theorem 4.10, and Propositions 3.1-3.3 we get
O (JI- = 2ol (wo) >0,

as n — +oo. OJ

Corollary 4.5. As established in Theorem 4.11, all assumptions remain valid here. Set

~ 1 ! (q * %) 2 m+ 1)!A*A(nlfﬂ73)
p1(n) = YR | A+ (In A)™H! ’ '

Then

Ao (1) (@0) = f (o) < wn (£, (@1 (m)) 757 )

. _m_ 1 1 1
X (@1(n))miT [(m+1)!+2m!+8(m—1)! ’

VneN:n?>2 0<8<1. Wehave that lim A, (f)(z0) = f (z0).

n—-+00

Proof. 1t is clear from Theorem 4.11 and Proposition 3.1. O
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We finish with

Corollary 4.6. The assumptions and setting are the same as those in Theorem /.11. Set

m-+1 m 1 m+2 !
» : l + i + + 2 (q + q) 2 (m + 1) A*%(nl_ﬁf?))
n nb nmtl Am+1 (In A)™H

Then

< o (£, (@ (n)) 75

~ _m_ 1 1 1
< (B2(n))m {(m+1)!+2m!+8(m1)! ’

VneN:n'"f>2 0<p<1. We get the pointwise approzimation

lim K, (f) (zo) = lim Q, (f) (w0) = f (z0).

n—-+o0o n—-+oo

Proof. By Theorem 4.11 and Propositions 3.2, 3.3. O

5 Conclusion

This study has developed a rigorous approximation framework for multivariate generalized logistic
neural network operators defined over the infinite domain. These operators have been interpreted as
positive linear operators by employing symmetrized density functions constructed from parametrized
and deformed generalized logistic activation functions.

We have established quantitative estimates for their convergence to the identity operator in both
pointwise and uniform senses, using tools such as moduli of continuity and Fréchet derivatives. Addi-
tionally, strong connections to measure-theoretic formulations have been identified, which enrich the
theoretical foundation of the analysis.

Refinements under convexity assumptions have been included. Moreover, three distinct families of
operators, namely quasi interpolation, Kantorovich type, and quadrature type, have been investigated
within a unified analytical framework. The derived bounds and asymptotic estimates confirm the
reliability and effectiveness of the proposed constructions.

This contribution has reinforced the link between classical approximation theory and neural net-
work operator approaches. Potential future research directions include extensions involving fractional
operators, adaptively constructed densities, and applications in high-dimensional analysis and data-
driven learning problems.
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