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Abstract: Shepard operators are important in scattered data approximation. They were first introduced as
linear positive operators for multivariate interpolation, and later developed into a broader class of approximation
tools. In this survey, we review the classical Shepard operator, its multivariate forms, and several modifications
aimed at improving convergence. We consider both linear and nonlinear extensions of Shepard operators.

We also give some numerical results and graphical illustrations supporting the theoretical results. We aim

to offer a unified and current reference for researchers in approximation theory, scattered data methods, and

operator-based interpolation.
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1 Introduction

Shepard operators were first introduced in 1968 by Donald Shepard [1] and later became known in the
literature as the inverse distance weighting method (see, for instance, [2–4]). Since then, they have
attracted constant attention in approximation theory and related areas of mathematics (see [5–28]).
Researchers have also studied many variants and generalizations of the classical form, often with the
goal of improving accuracy and convergence (see [29–43]).

Shepard-type methods have found broad applications not only in mathematics but also in practice.
Especially, they are used in computer graphics, geographic information systems, image processing, and
many other fields where scattered data must be interpolated (see, for instance, [44–49]).

We now begin with the definition of operators. Let [a, b] be a given interval. Suppose that we have
interpolation (sample) points

x0, x1, . . . , xn ∈ [a, b],

and the corresponding function values

f(x0), f(x1), . . . , f(xn).
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The classical Shepard operators [1] are defined by

Sn,λ(f ;x) :=
n∑

k=0

Wn,k(x, λ) f(xk), x ∈ [a, b], (1.1)

where the weights are given by

Wn,k(x, λ) :=
|x− xk|−λ∑n
i=0 |x− xi|−λ

, λ > 0.

Note that the weight functions are not differentiable at the interpolation points when λ ≤ 1. For this
reason, the case λ > 1 is usually considered. Throughout this work, we sometimes consider arbitrarily
scattered interpolation points (nodes) in an interval [a, b], and sometimes the following equally spaced
interpolation points in [0, 1]:

xk = k/n, k = 0, 1, . . . , n,

Then, we know the following fundamental properties:

• Interpolation property: Sn,λ(f ;xk) = f(xk) for each k = 0, 1, ..., n.

• Positivity: Sn,λ(f) ≥ 0 whenever f ≥ 0.

• Linearity: Sn,λ(αf + βg) = αSn,λ(f)+ βSn,λ(g) for every function f, g defined on [0, 1] and for
all α, β ∈ R.

• Partition of unity:
∑n

k=0Wk,λ(x) = 1 for all x ∈ [0, 1].

• Approximation behavior: Sn,λ(f) ⇒ f on [0, 1] for all f ∈ C[0, 1], where C[0, 1] denotes the
space of all continuous functions on [0, 1] and ⇒ denotes the uniform convergence.

• Localization: Larger values of the parameter λ increase the influence of nearby nodes and
reduce the effect of distant ones.

• Degree of exactness: dex(Sn,λ) = 0, where the symbol dex denotes the degree of exactness in
the sense that Shepard operators reproduce only constants, i.e., the equality Sn,λ(f) = f holds
only for constant functions.

A nonlinear version of Shepard operators was first introduced by Bede et. al. [11] as follows:

Pn,λ(f ;x) :=

n∨
k=0

f
(
k
n

)
|x− k

n |
−λ

n∨
k=0

|x− k
n |−λ

, λ > 0, x ∈ [0, 1], (1.2)

where the symbol
∨

denotes the maximum operation. These operators are known in the literature
as max-product Shepard operators. Observe that the max-product Shepard operators also show a
performance very close to the properties mentioned above. However, in this case, the positivity of
continuous functions is required for uniform convergence, and also instead of linearity, these operators
satisfy the following pseudo-linearity property.

• Pseudo-linearity: Pn,λ(αf ∨ βg) = αSn,λ(f) ∨ βSn,λ(g) for every nonnegative function f, g
defined on [0, 1] and for all α, β ≥ 0.
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The max-product Shepard operators provide easier computation than their linear counterpart, and
they exhibit better approximation performance for suitable classes of functions.

The rates of convergence of the Shepard operators in linear and nonlinear cases are given below,
respectively:

Theorem 1.1. (see [1, 5, 42, 43]) Let f be Lipschitz continuous on [0, 1]. Then, for every x ∈ [0, 1]
and n ∈ N,

|Sn,λ(f ;x)− f(x)| =


O (1/ log n) , if λ = 1
O
(
1/nλ−1

)
, if 1 < λ < 2

O ((log n)/n) if λ = 2
O (1/n) , if λ > 2.

holds

Theorem 1.2. (see [42, 43]) Let f be Lipschitz continuous and nonnegative on [0, 1]. Then, for every
x ∈ [0, 1] and n ∈ N,

|Pn,λ(f ;x)− f(x)| =
{

O
(
1/nλ

)
, if 0 < λ < 1

O (1/n) , if λ ≥ 1.

holds

In this work, we give an overview of recent hybrid methods from the literature that aim to improve
Theorems 1.1 and 1.2. In Sections 2–5, we consider the combined Shepard-Taylor, Shepard-Lagrange,
Shepard-Lidstone, and Shepard-Bernoulli operators, respectively, and recall their superior approxima-
tion properties. Section 6 contains numerical data and graphics that support the theoretical results.
Finally, in Section 7, we provide concluding remarks and possible future perspectives.

2 Combined Shepard-Taylor Operators

In this section, we will consider the multivariate cases of (1.1), (1.2) and use the notation in [29] and
[42]. For a given m,n ∈ N, define the sets K and Ωn as follows:

K := [0, 1]m = {x = (x1, x2, ..., xm) ∈ Rm : xi ∈ [0, 1], i = 1, 2, ...,m} ,

Ωn := {k = (k1, k2, ..., km) ∈ Nm : ki ∈ {0, 1, ..., n}, i = 1, 2, ...,m} .

Then, considering the interpolation points of K

xk,n =

(
k1
n
,
k2
n
, ...,

km
n

)
for k ∈ Ωn,

we define the corresponding kernel functions (for λ > 0), respectively:

sn,k(x, λ) :=


δk,r, if x = xr,n (r ∈ Ωn)

|x−xk,n|−λ

m∑
k∈Ωn |x−xk,n|−λ

m

, otherwise
(2.1)

and

pn,k(x, λ) :=


δk,r, if x = xr,n (r ∈ Ωn)

|x−xk,n|−λ

m∨
k∈Ωn |x−xk,n|−λ

m

, otherwise,
(2.2)
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where δk,r is the Kronecker delta given by

δk,r =

{
1, if k = r,
0, if k ̸= r.

Using the above kernel functions, the multivariate linear and nonlinear (max-product) Shepard oper-
ators are defined respectively by

Sn,λ(f ;x) :=
∑
k∈Ωn

sn,k(x, λ)f(xk,n).

and

Pn,λ(f ;x) :=
∨

k∈Ωn

pn,k(x, λ)f(xk,n).

Now let x = (x1, x2, ..., xm) ∈ K, u = (u1, u2, ..., um) ∈ Nm
0 , and f ∈ Cr (K), the class of the functions

f : K → R having continuous r-th order partial derivatives. We also use the following multi-index
notation.

|u| = u1 + u2 + · · ·+ um

u! = u1!u2! · · ·um!

xu = xu1
1 xu2

2 · · ·xum
m

∂uf = ∂u1
1 ∂u2

2 · · · ∂um
m =

∂|u|f

∂xu1
1 ∂xu2

2 · · · ∂xum
m

, |u| ≤ r.

Then, the r-th order (combined) linear and max-product Shepard-Taylor operators are defined respec-
tively by

ST
[r]
n,λ(f ;x) :=

n∑
k=0

sn,k(x, λ)

∑
|u|≤r

∂uf(xk,n)

u!
(x− xk,n)

u

 . (2.3)

and

PT
[r]
n,λ(f ;x) :=

n∨
k=0

pn,k(x, λ)

∑
|u|≤r

∂uf(xk,n)

u!
(x− xk,n)

u

 . (2.4)

In this case, we know that (2.3) and (2.4) possess the interpolation property and satisfy the following:

dex
(
ST

[r]
n,λ

)
= dex

(
PT

[r]
n,λ

)
= r.

With this terminology, Farwig proved the next result.

Theorem 2.1. (see [29]) If the partial derivatives ∂uf of f of order r (|u| = r) are Lipschitz continuous
in K, then, for every x ∈ K and n ∈ N,

∣∣∣ST [r]
n,λ(f ;x)− f(x)

∣∣∣ =


O
(

1
logn

)
, if λ = m

O
(

1
nλ−m

)
, if m < λ < m+ r + 1

O
(

logn
nr+1

)
, if λ = m+ r + 1

O
(

1
nr+1

)
, if λ > m+ r + 1

holds.
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The max-product version of Theorem 2.1 has recently been proved in [42] as follows.

Theorem 2.2. (see [42]) If f is nonnegative on K and the partial derivatives ∂uf of f of order r
(|u| = r) are Lipschitz continuous in K, then, for every x ∈ K and n ∈ N,∣∣∣PT

[r]
n,λ(f ;x)− f(x)

∣∣∣ = {
O
(

1
n[λ]

)
, if 1 ≤ λ < r + 1

O
(

1
nr+1

)
, if λ ≥ r + 1

holds.

A comparison of the above two theorems and the advantages of the nonlinear case are discussed
systematically in [42].

3 Combined Shepard-Lagrange Operators

For a function f : [0, 1] → R and a dataset A = {x0, x1, ..., xr} consisting of r + 1 distinct nodes
from the interval [0, 1], we denote the corresponding (unique) Lagrange interpolation polynomial by
Lr[f ;A]. As usual, this interpolation polynomial is written as follows:

Lr[f ;A](x) =
r∑

i=0

f (xi)
∏

0≤j≤r (j ̸=i)

x− xj
xi − xj

.

If f ∈ Cr+1[0, 1], r ∈ N, then, we know from the Lagrange remainder theorem (see, for instance, [50])
that, for every x ∈ [0, 1], there exists ξ in the interval spanned by x and xi, i = 0, 1, ..., r, such that

R(x) := f(x)− Lr[f ;A](x) =
f (r+1) (ξ)

(r + 1)!

r∏
i=0

(x− xi) ,

The idea of combining Shepard operators with Lagrange polynomials has been explored in some
previous studies (see [33, 37, 43]). In this paper, we will consider the following hybrid models:

SL
[r]
n,λ(f ;x) :=

n∑
k=0

sn,k(x, λ)Lr[f ;Ak](x), (3.1)

and

PL
[r]
n,λ(f ;x) :=

n∑
k=0

pn,k(x, λ)Lr[f ;Ak](x), (3.2)

where sn,k(x, λ) and pn,k(x, λ) are univariate case of the kernels in (2.1) and (2.2), respectively. Also,
in (3.1) and (3.2), we use the data set Ak, k = 0, 1, ..., n, given by

Ak = {xn,k, xn,k+1, ..., xn,k+r} ,

where

xn,k+j :=

{ k+j
n , if 0 ≤ k + j ≤ n

k+j−r−1
n , if n < k + j ≤ r.

Theorem 3.1. (see [43]) Let f ∈ Cr+1[0, 1] (r ∈ N0 with r < n). Then, for every x ∈ [0, 1], and
n ∈ N, we have

∣∣∣SL[r]
n,λ(f ;x)− f(x)

∣∣∣ =


O (1/ log n) , if λ = 1
O
(
1/nλ−1

)
, if 1 < λ < r + 2.

O
(
(logn)/nr+1

)
, if λ = r + 2.

O
(
1/nr+1

)
, if λ > r + 2.



Shepard Operators Revisited 98

Theorem 3.2. (see [43]) Let f ∈ Cr+1[0, 1] (r ∈ N0 with r < n) and let f be nonnegative on [0, 1].
Then, for every x ∈ [0, 1] and n ∈ N, we have∣∣∣PL

[r]
n,λ(f ;x)− f(x)

∣∣∣ = {
O
(
1/nλ

)
, if 0 < λ < r + 1.

O
(
1/nr+1

)
, if λ ≥ r + 1.

A comparison of Theorems 3.1 and 3.2, together with the benefits of the nonlinear case, was also
discussed in [43].

4 Combined Shepard-Bernoulli Operators

The r-th degree Bernoulli polynomials Br(x) are defined recursively by means of the following relations:
B0(x) = 1
B′

r(x) = rBr−1(x), r ≥ 1∫ 1
0 Br(x)dx = 0, r ≥ 1.

Then, for a function f ∈ Cr([a, b]), we may write that

f(x) = Pr[f, a, b](x) +Rr[f, a, b](x), x ∈ [a, b],

In this equality, Pr[f, a, b](x) denotes the polynomial approximant given by

Pr[f, a, b](x) = f(a) +
r∑

k=1

Bk

(
x−a
h

)
−Bk

k!
hk−1

(
f (k−1)(b)− f (k−1)(a)

)
,

where h = b−a and Bk = Bk(0) are the Bernoulli numbers. Also, Rr[f, a, b](x) denotes the remainder
term evaluated by

Rr[f, a, b](x) =
hm−1

r!

∫ b

a
f (r)(t)

(
Br

(
b− t

h

)
−Br

(
x− t− [x− t]

h

))
dt.

An important property of Pr[f, a, b] is that, as h → 0, it coincides with the Taylor polynomial of
degree r at a

From the above considerations, the Shepard-Bernoulli operator and its approximation properties
can be stated as follows:

SB
[r]
n,λ(f ;x) :=

n∑
k=0

sn,k(x, λ)Pr[f ;xk, xk+1](x), (4.1)

where xk = k/n (k = 0, 1, ..., n) and xn+1 = (n− 1)/n.

Theorem 4.1. (see [41]) For every x ∈ [0, 1], n ∈ N and f ∈ Cr[0, 1], we have

∣∣∣SB[r]
n,λ(f ;x)− f(x)

∣∣∣ =


O (1/ log n) , if λ = 1
O
(
1/nλ−1

)
, if 1 < λ < r + 1.

O
(
(log n)/nλ−1

)
, if λ = r + 1.

O (1/nr) , if λ > r + 1.

For the bivariate extension of the operators in (4.1) and their further approximation behavior, we
refer the reader to the works in [35, 36, 41].
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5 Combined Shepard-Lidstone Operators

In 1929, Lidstone [51], and later in 1932, Poritsky [52], independently introduced a generalization of
the Taylor series. Unlike the classical case, this expansion approximates a function around two points
rather than one. Recall that the r-th order Lidstone polynomials Λr(x) [53] are defined recursively by

Λ0(x) = x
Λ′′
r(x) = Λr−1(x), r ≥ 1

Λr(0) = Λr(1) = 0, r ≥ 1.

Now, let [a, b] be any subinterval of [0, 1]. Then, for a function f ∈ C2r[a, b], the relation

f(x) = Dr[f, a, b](x) +RD
r [f, a, b](x)

holds, where Dr[f, a, b](x) is the polynomial of degree not greater than 2r − 1 defined by

Dr[f, a, b](x) =

n−1∑
k=0

h2k
[
Λk

(
b− x

h

)
f (2k)(a) + Λk

(
x− a

h

)
f (2k)(b)

]
,

and RD
r [f, a, b](x) denotes the remainder term evaluated by

RD
r [f, a, b](x) =

∫ x

a
f (2r)(t)

(x− t)2r−1

(2r − 1)!
dt

− h2r
r−1∑
k=0

Λk

(
x−a
h

) ∫ 1

0
f (2r)(a+ th)

(1− t)2r−2k−1

(2r − 2k − 1)!
dt,

where h = b − a. From the above considerations, the (combined) Shepard-Lidstone operators are
defined by

SD
[r]
n,λ(f ;x) :=

n∑
k=0

sn,k(x, λ)Dr[f ;xk, xk+1](x), (5.1)

where xk = k/n, k = 0, 1, ..., n and xn+1 = (n − 1)/n as stated before. For a detailed account of
the main properties of the operators in (5.1) and their bivariate extensions, as well as their superior
approximation performance, we refer the reader to [32, 34, 38].

6 Numerical Experiments

We now present graphs that illustrate the approximation results of the Shepard-type operators dis-
cussed in the previous sections. In Figures 1–4, we fix the parameters λ = 3, r = 1, and take the
values n = 8 and n = 15. As a test function, we use

f(x) = 2 + e−2x sin(12x), x ∈ [0, 1]. (6.1)

We then compare the approximation behavior of the considered operators with respect to this function.

In Figure 5, we observe that the approximation improves as r increases. Using the same test
function as in (6.1), and fixing n = 5, λ = 6, and also taking r = 1, 2, 3, the approximation performance
of the Shepard-Taylor type operators is illustrated.
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Figure 1: Approximation by the classical Shepard operators (left) and the max-product Shepard
operators (right)

Figure 2: Approximation by the Shepard-Taylor operators (left) and the max-product
Shepard-Taylor operators (right)

Figure 3: Approximation by the Shepard-Lagrange operators (left) and the max-product
Shepard-Lagrange operators (right)
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Figure 4: Approximation by the Shepard-Bernoulli operators (left) and the Shepard-Lidstone
operators (right)

Figure 5: Approximation by the Shepard-Taylor operators (left) and the max-product
Shepard-Taylor operators (right) for increasing values of r
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We now present a comparative table of the approximation errors for the hybrid Shepard-type
operators. We emphasize that the numerical values in this table were obtained in [43]. The comparison
is carried out in terms of the mean square error, defined as

e[r]ms :=

√√√√ 1

ne

ne∑
j=1

(
e
[r]
j

)2
,

where e
[r]
j denotes the absolute error

e
[r]
j :=

∣∣SL[r]
n,2(g)− g

∣∣
computed at ne = 100 equally spaced points in the interval [0, 1]. In these computations, we use the
test function g(x) = sin(2πx) with r = 1, λ = 2, and the values n = 20, 40, 60.

n ST
[r]
n,λ SL

[r]
n,λ SB

[r]
n,λ

20 0.00025331 0.00023586 0.00974248

40 0.00006230 0.00006127 0.00275313

60 0.00002746 0.00002726 0.00127623

Table 1: Mean squared error comparison for Shepard-Taylor, Shepard-Lagrange, and
Shepard-Bernoulli operators

7 Concluding Remarks

In this survey, we have examined the main techniques developed in the literature to enhance the
approximation ability of the classical Shepard operators. We have focused specifically on hybrid mod-
ifications such as the Shepard-Taylor, Shepard-Lagrange, Shepard–Bernoulli, and Shepard-Lidstone
operators. We have summarized their definitions and approximation properties, and discussed their
advantages over the classical operators.

We note that both linear and nonlinear settings can benefit from such constructions. We also
expect further refinements to appear in the near future. In particular, aspects such as computational
complexity and cost should also be taken into account.

Our aim was to give a unified view of the developments in this area. We hope that this survey
can serve as a reference for researchers and may guide future work on extending these ideas, adapting
them to multivariate settings, or linking them with modern computational methods.
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