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Abstract: The study of positive linear operators is closely linked to the study of probability distributions.
In this paper, we investigate the relationship between classical positive linear operators, commonly used in
approximation theory, and the entropies associated with probability distributions. These entropies can be
expressed in terms of special functions, particularly Heun functions, convex functions, and logarithmically convex
functions, which satisfy specific equalities and inequalities, and for which various bounds can be established.
These properties are important for a wide range of applications. This is a non-exhaustive survey: we present
results without proofs and provide detailed bibliographic references.

Keywords: Positive linear operators; probability distributions; information potential; entropies; Heun func-

tions; convex functions.

AMS Math. Subject Class. (2020): 41A36, 60E05, 94A17, 26A51.

1 Introduction

Let I C R be an interval and let pg(x), & = 0,1,... continuous functions defined on I such that
Yoreopk(z) =1, x € I. Then p(z) := (p k(a: )k>0 can be viewed as a parameterized probability
distribution, and equivalently, one can use p(z) to construct a discrete positive linear operator of the
form

=3 fap(a), wel,
k=0

where x, € I, k> 0, and f is in a suitable space of functions defined on I.

As concrete examples we may think of the binomial, Poisson and negative binomial distributions,
associated respectively with the Bernstein, Szasz-Mirakjan and classical Baskakov operators.

In this paper the function S(z) = > .2, pi(x), x € I, will play a prominent role. It is the
information potential, see [29], also called the index of coincidence. In probabilistic terms, — log S(z)
is the Rényi entropy of order 2 (see [31], [36], [44]) and 1 — S(z) is the Tsallis entropy of order 2 (see
[31], [41], [42]). On the other hand S(x) is involved in the study of the “degree of non-multiplicativity”
of the operator L using the Chebyshev-Griiss type inequalities. For results of this type see [2], [4],

[16], [17], [40].
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Example 1.1. (see [17, Th. 9]) Let L be defined on the space B(I) of all real-valued, bounded functions
on I. Then

[L(fg)(x) — Lf(x)Lg(x)| < 5(1 = S(x))osc(f)osc(g), f,g € B(I), x €1,

N =

where osc(f) := sup{|f(z;) — f(x;)| - 4,5 > 0}.

We will see that S(x) is a Heun function. The Heun equation has the form

1" g 4 € ’ afr —q
£ =0
v+ (2 g )@ e =0,
where a #0,1and a+ 5 +1=7v+0 +e.

A solution normalized by y(0) = 1 is called a local Heun function, denoted by Hl(a, q; o, 357, d; x).
For details see [12], [24], [25], [26], [37]. Applications of Heun functions in Physics are presented in
[22].

Let ¢ € R. Define I, := [0,—1] if ¢ < 0, and I, := [0,400) if ¢ > 0. Let n > 0 be a real number,
k € Ng and x € I.. Denote

Pk (@) = (=1)* (:}) (cx)*(1+cx)~ ek, ifc#0,

k
: c nx Cnz .
pg)’]k(l‘) = hmpL,k(:z:) = ( kl) e , ife=0.

c—0

The functions pf]k are used in the construction of the following sequence of positive linear operators:

L) =3 f (ffj) Pik(@), wel.
k=0

They were introduced in [8]. For details, see [9], [18], [43].

It is not difficult to verify that ) .2, pgf}k (x) = 1. In what follows we shall suppose that n > ¢ if
c¢>0,or n=—cl with some ! € Nif ¢ <0.

Lf] reduce to the Bernstein, Szdsz-Mirakjan, and Baskakov

For ¢ = —1, 0, 1, the operators L
operators, respectively.

In the context delineated above, we will be interested in properties of the information potential and
the associated entropies viewed as Heun functions, convex and logarithmically convex functions which
satisfy specific equalities/inequalities and for which bounds can be established. These properties are
important for applications.

The structure of the paper is as outlined below. Section 2 is concerned with the family of prob-
ability distributions (pgf]k(x)) k>0- The distributions corresponding to ¢ = —1, respectively ¢ = 1, are
presented in Sections 3 and 4. The probability distributions associated with Bleimann-Butzer-Hahn,
respectively Meyer-Konig and Zeller operators are considered in Sections 5 and 6. The distribution
(pES ]k(x)) k>0 corresponding to the Szdsz-Mirakjan operators is the object of study in Section 7. Con-
clusions and further work are presented in Section 8.

We present a non-exhaustive survey, focusing on key results without proofs, but supported by

thorough bibliographic references.
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2 Main Results

To the probability distribution (pgf]k (x))k>0 we associate the function
S (1 (o)
Sn.e(x) == Z ( nk(:n)) , x€l.
k=0
The following two theorems were obtained in [32] using results from [9].

Theorem 2.1. (see [32]) Let ¢ # 0. Then

Sn,c(x)z(1+c:c)—'i”§:<”(”+C)--.§Z+(k—1)6))2< . )%7

Py 1+cx
Sne(@) = (14 cx) % oFy | 2, 551 ( 2
n,c\T) = cT 2471 cle 1+cx )
1 /! _n dt
Sncx:/ t4 (1 —t)(1 +2cx)?) ¢ ———. 2.1
() 7T0( (1—)( )%) =D (2.1)
If c =0, then
_ _—2nx - (nx)Zk
Snyo(x) =€ kZ:O (/{7')2 )

Sno(z) = 6727”“]0(277,.%),

Sno(r) = 1 /1 e—2ma(irt)
" TJ-1 V1—1t2

Here o F1 is the Gauss hypergeometric function and Iy is the modified Bessel function of first kind
of order 0.

Theorem 2.2. (see [32])

(i) The function Sy is a solution to the differential equation

(1 + cx)(1 + 2cx)y” (z) + (4(n + c)x(1 + cx) + 1)y (z) +
2n(1+ 2cx)y(z) =0, =z € 1.

(i) If ¢ # 0, the function Hy () := Spc (—2) is a solution to the Heun equation

2n 2n, _n

v (x) + (i + - i 1 + xi) y'(x) + s _C 5 (xc_ l)y(x) =0,

1
2 2

1.€e.,
1 n 2n
The following conjecture was formulated in [30].

Conjecture 2.1. (see [30]) For c € R, S, is logarithmically convez, i.e., logSy, . is conver.
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n [1] U. Abel, W. Gawronski and Th. Neuschel obtained a stronger result for ¢ > 0.

Theorem 2.3. (see [1]) Forc > 0, the function Sy, . is completely monotone in the sense of Bernstein’s
theorem, i.e.,

d m
_1m TR n,c ) 27 Z .
(-1) <da:> Sne(x) >0, >0,m>0

Consequently, for ¢ > 0, Sy . is logarithmically convex, and hence convex.

For the proof of the conjecture when ¢ < 0 see the next section.
The following three results can be found in [3].

Theorem 2.4. (see [3]) If ¢ <0, then
Sn—ce(x) > (14 2cx(1 4 cx)) Sy c(x).
If ¢ > 0, the inequality is reversed.

Theorem 2.5. (see [3]) The information potential satisfies the following inequality for all ¢ € R:

Sm+n,c(x) 2 Sm,c(x)sn,c(x)'

Corollary 2.1. (see [3]) For the Rényi entropy Ry .(x) := —log(Sn.c(x)) and the Tsallis entropy
The(x) :=1—8,c(x), we have

Rine(z) + Rue(2),
Tine(®) + Te(@) — Tine(2) T e ().

Now we consider the Shannon entropy

ank ) log pl7), ().

Theorem 2.6. (see [34]) The Shannon entropy Hy . and its derivatives verify the following relations

() HE () <0, c<0, k> 0z e (0,-1).

HZE (@) = {2 0 w0 5],

(ii) Hj, o is completely monotone, i.e.,
(- (@) >0, k>0, z>0.

(iii) For c >0, H,, . is completely monotone.

. k
(iv) log cx—i—l _Zk Opn+ck( x) log ckﬂm _logﬁfcfﬁl, x>0, c>0.

Other properties of H, ¢ and R, can be found in [10]. For other entropies see [38]. Concerning
practical applications of the information potential see [5], [39], [11] and the references therein.



Positive Linear Operators and Entropies 84

3 The Bernstein Basis

If ¢ = —1 we are dealing with the functions pgku (z) = (P)a"(1 —2)" % k=0,1...n, z €0,1], ie.,

the fundamental Bernstein polynomials. In this case we will use the notation

Fo(@) = Sn_1(z) = g::o <<Z>xk(1 - x)”_k>2 . zelo1].

The problem of proving that F), is a convex function, raised in [17], was solved by Thorsten
Neuschel [28] and Geno Nikolov [27], using the following equation

Fo(z) = (t _Ves 1)nPn(t),

where P, are the Legendre polynomials, = € [0, %), t = % € [1,400). Another solution was

given by I. Gavrea and M. Ivan [13]. They found the representation

21 «— n\?/2n\ " 1\
Fo(z)=4" 4 — -
= ()G @) (oa)
k=0
deduced using Parseval’s formula.
The convexity of the function S, ., when ¢ < 0 was proved in [32] using (2.1).

Theorem 3.1. (see [32])

(a) F, satisfies the following relations:

1 (1o
Fn(x)_ﬂ/o(wr(l t)(1 —2z)%) Vil

2(n+1)Fny1(z) — (2n + 1)1 + (1 — 22)Y) E,(x) + 2n(1 — 22)?F,_1(x) = 0,

(1= 20) (Flya(2) — (1 — 20(1 — 2)) Fi(2)) =
2(n+2x(1 —x))Fp(z) —2(n + 1) Fpya(z),
nr1(z) — (1= 22)°F,_ () = 2(1 = 22) (2n — D) F, 1 (2) — (2n+ 1) Fy(2))
(b) F, is a solution to the differential equation

r(1—2)(1=22)y" () + (1 +4(n — 1)z(1 — 2))y (z) + 2n(1 — 22)y(z) = 0.

Equivalently, F,, is a polynomial solution to the Heun equation

1 1 —2n —2nx — (—n)
1/ /

i.e.,

1
F,(x)=HI <2, —n;—2n,1;1, 1;3:) .
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(¢) The following inequality holds:

F,(z) < !

~ V144 -1zl —z) nzlezel0d]

Theorem 3.2. (see [3]) The function F,(x) satisfies the inequalities

Fya(z) < 1+ (4n —2)z(1 —x)

“ 1+ (dn+2)z(1 — x)F”*(””)’

1+ 4nz(l —x)
T+ @n 1 2)a( — oy @)
F2(2) < Fo1(2) Py (2); 2Fn(2) < Fa1(2) + Frya (),

1+ (An+4)z(1 — 2)
(1= 20(1 = ) Fala) < Fra(s) < g = Foo)

F,(z) <

S A Py e

(1 - 4a(1 - >>“/2<F< )

foralln>1, z €]0,1].

Corollary 3.1. (see [3]) The Rényi entropy Ry (z) and the Tsallis entropy T, (x) corresponding to the
binomial distribution with parameters n and x satisfy the inequalities:

1+ (4n+2)z(1 — z)

— _ > 1 >0
B () = Bna() 2 log 1+4nz(l—2x) — 7
22(1 —x)
T, — T > ———=—(1-T, > 0.
o) = Toa(a) 2 o s (1= Ti(o) 2
For ¢ = —1, Conjecture 2.1 was proved in [33]. A second proof was given in [35]. A simpler proof

can be found in [7]. Applications and extensions of these results to the case of a simplex can be found
in [33]. A conjecture formulated there was proved in [15].

A conjecture concerning the preservation of log-concavity under the Bernstein operators (see [35])
was settled and extended in [23].

Theorem 3.3. (see [23]) If f : [0,1] — (0.00) is a log-concave function and n =1,2,..., then B, f is
log-concave.

In the context of Approximation Theory I. Gavrea and M. Ivan [14] introduced the operators

L, : C[0,1] — Co,1],
LanE bn,kf<k>an:]-723"-a
n
k=0

(-1

e ()

where

., N.
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Theorem 3.4. (see [14]) For any f € C[0,1], the sequence of operators (Lyf) converges uniformly to
f on [0,1].

The Voronovskaja formula for the above sequence of operators (L) was established in [19].

Theorem 3.5. (see [19]) Let f € C[0, 1] be such that the second derivative of f exists and is continuous
in a neighborhood of x € (0,1). Then

z(l— )

lim [L,(f,z) — f(z)] = S 4

lim. ) + ().

Similar results involving the powered Szdsz-Mirakjan and Baskakov bases were obtained in [20]
and [21].

4 The Baskakov Basis

In this section, we are concerned with the Baskakov basis

(n—l—k—l

i )xk(l—i—x)_”_k, xz €[0,400),k=0,1,...,

The corresponding information potential (see [32]) is
oo 2
n+k—1 e
Gn(z) = Spa(z) =) (( . )xk(l +z)™ k) .
k=0
From the general properties of S, . it follows that

dae 2R)(2n — 2k — 2)! 1\ 2kl
Gp(z) =4""">" (N2(n—k— 1) (23:“) .

Theorem 4.1. (see [32])

(a) G, satisfies the following relations:

(14 2)(1+22)Gh(x) + (4(n+ Dz(l + z) + 1)GL (x) + 2n(1 + 22)Gp(x) = 0,

1t B a2yt
Gn(zc)—w/o(t-i-(l £)(1+ 22)%) 7\/t(17—t)’

Gn(z) < (4(n + D)z(1 + 2) + 1) 20D |
Gn(—z) = (1 —22)"2" " E, i (2),

Gn(z) < <2"_2>(1+$)nl 2> 0.

n—1) 1+2z)» =7

(b) Gn(—z) is a rational solution to the Heun equation

1 1 2n 2nr —n
")+ | = + + "(x) + z) =0,z <0,
R e e LG R s A0

1.€e.,

1
Gn(—z) = HI (2,n; 2n,1;1, 1;3:) )
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(¢) Gp is a convex function.
The following relations can be found in [3].
n(1+ 22)°Gpy1(x) = (2n — 1)(1 + 22 + 223 Gp(x) — (n — 1)Gp1(2),
G’ < Gp1Gna1,
2G), < Gp—1 + G,

Gny1(z) < 1+ (4n + 2)z(1 + z)
1+4nz(z+1)
Gn(x) < 1+ (4n +2)z(z + 1) n—1(7),

1 1+ (4n+4)z(1 + )
mG”(w) < Gpyi(z) <

nfl(l')a

T 1+ (An+6)x(1+x) Gin (),

1+8z(1+x)

1 n—1
(1+2x(1+w)) < (1+20)Gala) < \/1 Tantdara) "0

5 The Bleimann-Butzer-Hahn Basis

The Bleimann-Butzer-Hahn basis is formed by the functions

<Z>xk(1 +z)™", x€l0,00), k=0,1,...,n.

The corresponding information potential is given by

- () s

Un(z) = F), (1_9,6_35) z € [0, 00).

It is easy to verify that

(5.1)

By virtue of (5.1) the properties of the functions U,, can by deduced from those of F),. In particular,

one has
Theorem 5.1. (see [32])

(a) Uy, is a solution to the differential equation

(1 —2)(1+2)*" () + (1 4+ 2)(1 + dnx — )y (z) + 2n(1 — 2)y(x) = 0.

(b) The following relations hold true:
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Theorem 5.2. (see [3])

(i) The functions Uy(x) satisfy the following relations:

(n+1)(1+8)2Ups1(t) = 2n + 1) (2 + 1)U (t) — n(1 — )?U,_1(t),

n (2n— k) (2K [1—=2\?
n =4"" )
= £ (5 (5)
Up < Un-1Unt1, 2Un < Up-1 + Unya,
1+ 4nz + 22
U, < Un-1(z),
(@) s 1+ (4n+4)x + 22 1)
1+ (4n + 2)z + 2
Un(z) < n—1(),
(z) = 1+ (4n+4)x + 22 1)
1+ 22 1+ (4n + 6)z + 22

1+22\" 1+ 6z + z2
- <
<(1 +x)2> Un(w) < \/1 n

(4n + 6)x + 22’
Unin () > Up(2)Up(2).

IN

(ii) U, is decreasing on [0,1] and increasing on [1,00).

(iii) Uy, is logarithmically convex on [0, 1].

6 The Meyer-Konig and Zeller Basis

The Meyer-Konig and Zeller basis is formed by the functions

k
("Z )xk(l—x)”H, 2 e[0,1),k=0,1,....

The corresponding information potential is given by
> n+k 2
Jn(x) = kzo <( . )xk(l - :C)n+1> .

It is easy to verify that

It was proved in [13] that

=
B
I

o 1 (2k)1(2n — 2k)! <1—x>2k+1
- .

| — k)12
— E?(n —k)! 1+x

Theorem 6.1. (see [32])
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(a) The function J, satisfies the following relations:

(14 z)(1—2)2J)(z) — (1 —2) (2° — 4(n+ D)z — 1) J) () +
2(n+ 1) (1 +z)Ju(z) =0

! 1\ T
/ t+(1—t)< $> S
0 -z t(1—t)

n+1
(1—2) 2(n+2)
< 4n+6x+1> ’

1—=2x
< )1+x”+1’ x € [0,1).

| A

| A

(b) Jy, is a convex function.

Theorem 6.2. (see [3]) The functions J,(x) satisfy the following relations:

(n+ 1)1+ 82T (t) = @n+ D)2+ 1)Ju(t) — n(1 — t)2J,_1(2).

Jp(z) =47 (2(: :))( ><i+i>2k+17

In(z) = ] +$Un(az).
JTZL S Jn—1Jn+17 2Jn S Jn—l + Jn—i—la
1+4dnz + 22
< _
Tn1(x) < 1+ (4n+4)x + 22 Tn1(@),
14 (4n+2 2
Jalg) < SRR DI AL G,

S 1+ (@An+ Az a2

1+ 22 1+ (4n + 6)z + 22
——Jn(x) < Uy <
(1+x)2 (2) < Jpta(z) 1+ (4n 1 8)z + 22

_ 2 \" _ 2
l—x/ 1+2x SJn(CL’)Sl T 14+6z+=x 7
I+z \(1+2)? L+z\ 1+ @n+6)x+a?

Jmgn () = ﬂjm-&-n (@) = Jm () Jn ().

In(z),

7 The Szasz-Mirakjan Basis

The fundamental functions are
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Theorem 7.1. (see [32]) The function K, satisfies:

rK)(z) + (4nz + 1)K (z) + 2nK,(x) = 0,

. dt
Kn(z) = /16 ? (Hﬂim’

1
K,(r) < ——, z>0.
nl )_\/4nx+1

8 Conclusions and Further Work

This paper has focused on entropies and classical discrete positive linear operators, highlighting their
connections with approximation processes and probability distributions. Similar approaches can be
applied to newly introduced discrete operators and to continuous distributions associated with integral
operators (see [5], [6], [29]). Potential practical applications include information theory, where entropy
measures can improve data compression and signal processing; numerical analysis, where operator-
related bounds may enhance approximation methods; and statistical physics, where entropies help
model uncertainty and complex systems. Open challenges remain in establishing sharper entropy
bounds for new operators, extending results to multivariate cases, and exploring connections with
special functions such as Heun functions. Overall, these perspectives suggest that the study of entropy
in connection with positive linear operators can offer valuable tools for both theoretical analysis and
practical applications.
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