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Abstract: In this paper, we introduce a new generalizad class of Lauricella functions by means of the k-special
function theory and investigate some of their fundamental properties. We derive several families of bilateral
generating relations for these functions. The obtained results establish new links between these families and
generalize a variety of known generating function identities. Several special cases are also discussed. In par-
ticular, it is shown that the classical generating relations associated with generalized Cesaro polynomials and
Lauricella functions are recovered when k = 1.
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1 Introduction

Special functions occupy a central position in both pure and applied mathematics due to their nu-
merous applications in fields such as physics, chemistry, engineering, and biological sciences. Their
rich analytical structures and wide applicability have made them indispensable tools in the investiga-
tion of a variety of mathematical models and scientific phenomena. As a result, the search for new
generalizations and extensions of classical special functions remains an active area of research.

Many classical special functions are defined through infinite series, integral representations, or
product expansions. In recent years, significant efforts have been devoted to extending these functions
in order to obtain more general and flexible mathematical frameworks. In particular, the theory of
k-special functions has emerged as an important branch of research, leading to k-analogues of several
well-known functions, including the Gamma, Beta, and hypergeometric functions. Motivated by these
developments and by the works reported in [1, 2], we undertake the present investigation.
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constitute a natural k-extension of the classical generalized Cesaro polynomials and appear in several
problems arising in mathematical statistics (cf. Cin et al. [3]).
Clearly, the generating function (1.1) yields the following explicit representation ([3], p. 69, Eq.

(15)):

s " /s zh
97(152 (2,3:) = Z (E + 1)n7h ((;\)_h’];w (1.2)

On the other hand, let t € C, k € Rt and n € N. Then, the Pochhammer k-symbol is defined in [4]
by
©ne =@ +k) (x+2k) ...+ Mm-1)k).

In particular, we denote (r)o := 1.
Furthermore, these polynomials satisfy the following generating relation [3]:

S htp\ 3 (A N P Ca o) [N z(1—t)
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where p =0,1,2, ....

Definition 1.1. [4] Forr € C and k € R", the integral representation of k-gamma function Ty is
defined by

o0
k
Tue) = [ ol
0

where Re(x) > 0.

Lemma 1.1. [5] If w € C and m,p € N then for k € RT, we have

p,k Fk(w) )
(@i = K (%)p (1.4)
(w)m—i-p,k = (w)m,k(w + mk)p,ka (1.5)

where (w), and (@), denote the Pochhammer symbol and Pochhammer k-symbol, respectively.

Motivated by recent advances in k-special function theory, this paper explores bilateral generat-
ing relations involving generalized k-Cesaro polynomials and k-Srivastava—Daoust functions. Several
auxiliary definitions are introduced, and a collection of new generating identities is derived, leading
to further connections between these families of functions.

2 Fundamental Definitions and Properties

This section provides the preliminary framework for our investigation. We introduce the notation
and auxiliary results that will be used throughout the paper and review the corresponding definition
together with several properties that are essential for the derivation and proof of the subsequent
results.
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Definition 2.1. For n € N and k € RT, the generalized k-Lauricella function is introduced through
the following series representation:

[(a) : oM w(")] :

[(c) W, X(”)] :
[(b(l)) : \Il(l)] Seal; [(b(”)) : \II(”)} ;

(Ak):(BW k);..5(B™ k)

F(C’,k):(D(1>7k);,,,;([)<n>,k) (2.1)
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where, for convenience,
A B ) B(™) (n)
0’ (#”)
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k\S1,-..,8n) = C D) D) 5
I (¢j), o ol (d(-l)) I1 (d " )
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the coefficients

g0§.8) (j=1,...,4; s=1,...,n) and \Ilg.s) <j:1,...,B(s);3:1,...,n),

X; (j=1,....C; s=1,...,n) and CJ(S) (jzl,...,D(s);5:1,...,n>

(s)

are real constants and (bB(s)

foralls e {1,...,n}.

) abbreviates the array of B®) parameters bgs) (j =1,...,B®); s=1,... ,n)
Remark 2.1. The following k-generalization of the classical Lauricella functions is obtained by ap-
propriately choosing the parameters in equation (2.1).

1. Specifically, if we set
A=BYW = .. =BW=pW = =pMW =1 C=0

and

in expression (2.1), we obtain

FX?; (@, b1, ... bpiCly e CRi 21y ey 20 (2.2)
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2. Specifically, if we set

C=1,BOW=...=B"W=2 A=pW = . =p" =9
and
O 0 BV () Y (O B
in expression (2.1), we obtain
ng,l (@1, ... an, b1, ... bp;C 21,y 2] (2.3)
_ i (@) g (@) (01) g k- (Bn)s, e 28 20
1, on=0 (C)sl+...+sn,k sil 7 sp!
<max{\zly ) < ;) .
3. Specifically, if we set
C=BW = . =B"W=0 DD= .. =DM =1 A=2
and
W= =pMm=c0= =¢™=1
in expression (2.1), we obtain
ng [a,b;¢1, ... Cni 21y -y 20 (2.4)
_ i (@ syt vsmk Osy sk 2
S1ron=0 (€)g e (en)g e s2t 7 snl
( e+ o] < 1).
Vk
4. Specifically, if we set
A=c=1 BW = =BM=1 pO = =p" =g
and
W= =M =90 = =gt =\ 0= =M
in expression (2.1), we obtain
Fén,)g [a,b1,...,bp;¢ 21, .., 2n] (2.5)

_ i (a)sl+...+sn,k (bl)sl,k U (bn)sn,k £ zpn

(O P— sit sl

814000y =0

1
(s (il fznl} < 1)
It should be noted here that the special cases given in (2.2)—(2.5) were first defined in the master’s
thesis [6].

Remark 2.2. By specializing the parameter n to 2 in (2.2)—(2.5), one obtains the k-Appell functions
F\ ki, Faog, F3p and Fyy, respectively [7, 8].

Remark 2.3. It is easily verified that Egqs. (2.2)—(2.5) reduce to the generalized Lauricella functions
when k=1 [9].
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3 The Main Generating Functions

Motivated by the construction of generalized generating relations, we introduce the family of functions
Onk (U1 u2, ..., u,) associated with a suitably restricted coefficient sequence

{Q% (f (M1, ...,my);ma,... ’mT)}m1,m27...,mr€No .

These functions are defined by the multiple series

n e —nk b
g (Ui ug, ... up) @ = Z Z ( )(Té)’;:flc)imlq’k (3.1)

mi
uy u

XQ (f (ma,...,mp);ma, ... ,my) ol

where for convenience

B

((b))ml\ll7k = H (b])ml\:[l],k a‘nd m1<
7j=1

H,:]w

mlCJ)

The following theorem establishes several bilateral generating relations for our generalized functions.

Theorem 3.1. The following bilateral generating function identities hold:

Zggi) (27 .7)> ¢n,k (ul; Uy ... 7“7’) t" (32)
n=0

R L D> (O om it (5 F By Vi

(D) (s +p)c
) ()" (k) e e

! | [ 1’
mq. p: mo: my.

mi,p,m2,...,mr=0

X (f ((m14p) ,ma,....mp) ;ma, ..., my

where ¢p 1 (U1; U2, . .., uy) is given by (3.1).

Proof. We first recall the following double series equality [10, pp. 56-57, Section 37]

o h 0o 00
DD Veh) =) > Vip,h+p) (3.3)

h=0 p=0 h=0 p=0

If Substituting (3.1) into the left-hand side of (3.2), we obtain
e s A
Zggfk) <k7x> Ok (Ursuz, ... up) "
n=0
= (3) ( > ! () myw
=> g, -,z (3.4)
2 onl Z Z _o (n—=m1)lmy! ((d))mlc,k

m1=0ma,....m

m
U Uy, "
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If (3.3) is used in (3.4), we get

48

) s \
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If (1.3) is used in (3.5), we attain
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T
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If (1.2) is applied to (3.6), we obtain

0 . I\
> 97(1,’2;) (k:’ 96) On g (U5 ug, .o up) t"
n=0

_s_q _2 o /5 ()‘)p,k (%)p ((b))mllll k

=1 —t)" % (1 —kat)"* Z Z (% + 1>m1_p (m1 — p)'p! ((d))m1<,l; (3.7)
XQ (f (M1, ...,my);me,...,my) (fiﬁ)ml Uy U,
If (3.3) and (1.4) are applied to (3.7) respectively, we get

> 97(132;) (k’ 33) On g (U5 ug, ..o up) t"
n=0

mQ'mr'

s s ) m s+k),, (A
—(1-) T A —kety Y (®)) 1+p)d“P»k( AGY:
m1,p,ma,...,mp=0 (( ))(m1+P)C,k
(01)" () o
t— kzti—1) u unr
XQ (f (m1+p,ma,...,my);ma,...,m;) 2_
ml' p' mQ! mT!
Thus the proof of (3.2) is completed.

A variety of interesting consequences follow from Theorem 3.1 through appropriate selections of the
multiple sequence Q (m1, ma, ..., m,). In particular, several families of bilateral generating relations
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associated with the generalized k-Cesaro polynomials and the generalized k-Lauricella functions are
obtained.

1) By letting

Qr (f (m1,ma,...,my);me, ..., my)
A B(2) B()
(2)> < (7“))
jl;ll S T 1;[1 (bj ma ¥ jl;[1 " me )
i I () (4 B
), W o (d ) (d. )
j:1 mlx Totme X : k H j M2<§2),k ]1;[1 J er](’T)yk'

in Theorem 3.1, we get the following results.

Corollary 3.1. The following bilateral generating function holds true:
”(D<A>
Dk | 70®
n=0 k
ey . [—nk: W -
XF(A,k):(B+1,k);(B(2>,k);..-;(B(7'>,k) ( [(@): @ 00] s [k 1), [(B) : 95

Ek): (D) (D@ k)s(DM) ke
(B.k): ( )( ) ( ) [(C)IX(1)7~~7X(T)] . -, [(d)g]a

[(b(2)) : \11(2)] . [(b(T)) : \I/(T)] ;
@)@ ) ) t

>
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XF(A—i—B,k:):(l,k);(l,k);(B(2>Jc);...;(B(T>7k) ( [( ) ] [ s | ]

(E+D,k): 05 0; (D@ k);...5(D") k) 5(7~+1)] . .
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uit kuixt

(@) : @] [(d) : €0

where the parameters e;, f; and the coefficients 5](7"), 5J(.T) are given by

a; (1<j<A)
e; =
7 \bjia (A<j<A+B),

ot (1<j<A1<v<2)

§(v)— 4,0;.”_1) (1<j<A2<v<r+1)
U, (A<j<A+B;1<v<2)
0 (A<j<A+B;2<v<r+1)

and
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Y (1<j<BE;1<v<2)
so_ )Y (i< E 2<usr+)
’ o (E<j<E+D;1<v<?2)
0 (E<j<E+4+D;2<v<r+1)
respectively.
2) Upon setting
a b (b
Qk(f(ﬁh,nm,”.,n%);nm,”.,ww)::()"”+m+m“k(2)m%k (Br )i,
(€ e (),
and
U=(=0 (thatis, 'y =---=U¥p=( =---=(p=0)

in Theorem 3.1, we attain the following result.

Corollary 3.2. The following bilateral generating function holds true:

)
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A
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xXFY X . .
(Lk): 05 05 (Lk)s.;(Lk) Kq):¢“%-~,¢“+n] —
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where the coefficients (™) are given by

w1 (<7<2)
Y0 2<r<r+1).

3) If we put

() e () (27
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Qk(f(ml’mZ""7m7’);m27"-7m7’): (C)
M1+ Ak

and
B:L blzb, \1’1:1, and(zO

in Theorem 3.1, we obtain Corollary 3.3 below.
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Corollary 3.3. The following bilateral generating function holds true:

> z A r r— r—
qu(fk) (k,ﬂc> FJ(BL [—nk,agl),...,ag U,b,ag),...,ag 1);c;ul,...,ur] t"
n=0

— (1—t) F (1 —kat)
[(b):G(l),...,G(TH)] o [s+ k1 A1)

<
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0 2<7<r+1).
4) By letting
a b (),
Qk (f (mla ma,... 7m1“) yma, ... 7m1“) = ( )mlererT’k ( 2)m27k ( ) rk

(C)m1+...+mT7k

and
UV=(=0

in Theorem 3.1, we obtain the following result.

Corollary 3.4. The following bilateral generating function holds true:

oo s \ .
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n=0
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Theorem 3.2. The following bilateral generating function holds true:
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—F (2,k): 0 ; 0 ;.50 [(CL) ]
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A
(@), =[] (@),
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Proof. If (1.2) and (2.4) are used on the left side of the Theorem, we obtain

oo

3 (s (02 (ipot) < “A—nk+k ) U

) ) )
n=0 (8)nk (Mg n.k k C,k[al"‘nl@a?"‘”kvclv'-->Cv“a“17--'7“r]tn
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Applying (3.3), (1.4), and (1.5) to (3.9), we get
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e A (,x)F [a1 + nk,as + nk;cy, ... criun,. .. up| "
nz_;) (S)n,k (A)n,k ok k ok " '
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21,01 - - -
- F (2,k): i 0550 (@):1, 1 ’ ’ 7 ’
- 0 :(1,k);(L,k);--5(1,F) ] D1l [s:1); [ 1]
— T y : R (4] ) ;
—k7 M, —xt,ug, ... U,
[er i 1]
Thus the proof of statement (3.8) is completed. O

4 Conclusion

In this paper, several families of bilateral generating function identities involving the generalized
k-Cesaro polynomials and the generalized k-Lauricella functions have been established. The results
obtained reveal new connections between these two important classes of k-special functions and further
enrich the theory of generating functions within the framework of k-analysis.

Moreover, it has been demonstrated that, by setting £ = 1, the derived generating relations reduce
to the corresponding identities associated with the classical generalized Cesaro polynomials and the
classical Lauricella functions [11]. Hence, the results presented herein may be viewed as a natural
generalization of the k-special functions.

An additional feature of the present work is that the k-Lauricella functions studied in [6] encompass
several well-known multivariable hypergeometric functions as special cases. Consequently, the gener-
ating relations established in this paper can be specialized to yield corresponding bilateral generating
functions for various families of special functions. In particular, by considering suitable specializa-
tions of the generalized k-Lauricella functions, one obtains bilateral generating relations involving the
generalized k-Cesaro polynomials and the k-Appell functions Fy i, Fbj, F3 ) and Fy .

Finally, the results obtained here are expected to provide useful tools for further studies in the
theory of special functions, generalized hypergeometric functions, multivariable analysis, and related
areas of mathematical research. Future investigations may also explore additional applications and
extensions of the generating relations developed in this work.
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