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Abstract: We consider a mathematical model which describes the contact of an elastic-viscoplastic body with
a foundation. The contact is frictionless and is modeled with normal compliance and unilateral condition.
The weak formulation of the model is in the form of a system which couples a variational inequality for the
displacement field with an implicit nonlinear equation for the stress field. We prove the unique solvability of
the problem by using a fixed point argument for history-dependent operators. Next, we provide necessary and
sufficient conditions which guarantee the convergence to the solution of this elastic-viscoplastic contact model.
We use these results in order to obtain a continuous dependence result and to introduce two well-posedness
concepts for the problem. Finally, we consider a one-dimensional example which allows us to compare the two
well-posedness concepts employed.
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1 Introduction

Contact problems involving deformable bodies abound in industry and everyday life. Because of the
importance of contact processes in structural and mechanical systems, a considerable effort has been
put into their modeling and analysis, and the literature in the field is extensive (see, for instance,
[1, 5, 6, 18, 21, 22]). The numerical analysis of the contact problems, including convergence results
and error estimates for discrete schemes as well as various numerical simulations, can be found in
[7-9, 11, 12, 17].

In most of the references above the material’s behaviour was described with an elastic or viscoelastic
constitutive law. This has the advantage that the stress field can be easily eliminated and the model
leads to a variational or hemivariational inequality in which the unknown is the displacement or the
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velocity field. In contrast, in the current paper we assume that the material is elastic-viscoplastic and
we model its behaviour with a constitutive law of the form

& =Ee+G(oe). (1.1)

Here and below in this paper o denotes the stress tensor, € is the linearized strain field, £ is the
elasticity tensor and G is a given viscoplastic function. Moreover, the dot above a variable represents
the derivative with respect to time. Examples and mechanical interpretations of elastic-viscoplastic
laws of the form (1.1) can be found in [2, 4, 8], for instance. Such constitutive laws have been used
in order to model the behavior of metals, rocks, rubbers and polymers. Note that the function G in
(1.1) involves a full couple of strain and stress. This gives rise to some mathematical difficulties since,
using the above constitutive law in the structure of any boundary value problem leads to variational
formulations in the form of a system in which the unknowns are a full couple of stress and displacement.

The aim of this paper is three fold. The first one is to study a nonstandard contact model for
materials of the form (1.1). The contact is frictionless and is described with normal compliance
and unilateral constraint. In a variational formulation, the model we consider leads to a system which
combines a history-variational inequality for the displacement field with an implicit nonlinear equation
for the stress field. We show that the system has a fixed point structure and, therefore, we prove its
unique solvability by using a fixed point argument for history-dependent operators.

Our second aim is to provide a convergence criterion for the solution of the system. Such conver-
gence criteria have been recently obtained in the literature, in the study of variational and hemivari-
ational inequalities, see [23] and [24], for instance. The novelty is that here we deal with a system
and therefore, providing a convergence criterion requires to use a method adapted to the complex
structure of the problem, different to that used in [23, 24].

Finally, our third aim in this paper is to study the well-posedness of the above system. Here,
besides the fact that we deal with a variational problem with a nonstandard structure, the novelty
arises from the fact that we introduce two different well-posedness concepts, compare them, and
provide the corresponding well-posedness results. This allows us to prove the continuous dependence
of the solution with respect to the data. Well-posedness concepts for nonlinear problems represent an
important topic in Functional Analysis. This has known a significant development in the last decades.
Originating in the papers of Tykhonov [25] and Levitin-Polyak [13] (where the well-posedness of
minimization problems was considered), well-posedness concepts have been extended to a large number
of problems, including nonlinear equations, inequality problems, inclusions, fixed point problems, and
optimal control problems. In particular, the well-posedness of variational inequalities was studied for
the first time in [15, 16]. Comprehensive references in the field are [3, 10, 14, 26] and, more recently,
[19].

The rest of the manuscript is structured as follows. In Section 2 we introduce the mathematical
model of contact and present some notation and preliminary results. Then, we focus on the variational
formulation of the problem. In Section 3 we prove the unique weak solvability of the model. To this
end, we use a fixed point argument for history-dependent operators. Then, in Section 4 we state and
prove a convergence criterion. It provides necessary and sufficient conditions which guarantee the
convergence of a sequence of functions to the solution of the contact problem. We then apply this
criterion to deduce a continuous dependence result. We proceed with Section 5, in which we introduce
two well-posedness concepts in the study of our contact model and provide the corresponding well-
posedness results. Moreover, we consider a one-dimensional example that we use in order to compare
the well-posedness concepts previously introduced.
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2 The Contact Model

This preliminary section is structured in several parts, as follows.

Problem statement. Consider an elastic-viscoplastic body which occupies, in its reference confi-
guration, the domain  C R? (d € {1,2,3}) with regular boundary I'. The outward unit normal at T
will be denoted by v and we use the indices v and 7 to denote the normal and tangential components
of vectors and tensors, respectively. The body is held fixed on a part I'; of its boundary, is acted
by a time-dependent surface traction on I's and is in frictionless contact with an obstacle on I's,
the so-called foundation. We assume that I';, I's and I's are given measurable parts of I' such that
I' =TUlLUT3 and ;N =0, fori, j =1, 2,3,i%# j. Moreover, we assume that the d — 1 measure
of T'y, denoted by meas(T'1), is strictly positive. The body is submitted to the action of a body force,
the contact is frictionless, the process is quasistatic and the time interval of interest is [0, 7], with
T > 0. In addition, & stands for a typical point in Q U T and, for simplicity, we sometimes skip the
dependence of various functions on the spatial variable @, that is, we write u(t) instead of u(x,1t),
for instance. Finally, we denote by S? the space of second-order symmetric tensors on R?. Then, the
mathematical model we associate to this physical setting is the following.

Problem P. Find a displacement field w : Q x [0, T] — R? and a stress field o : Q x [0, T] — S such
that

o(t) =Ee(u(t)) + G(o(t),e(u(t))) in Q, (2.1)
Dive(t) + fo(t) =0 in Q, (2.2)
u(t)=0 on I'y, (2.3)
o(t)v = fot) on I'y, (2.4)

uy(t) < g, 0u(t) +pluy(t)) <0
(1) — 9)(0u(0) + Pl (8)) = 0, } on T 29
o.(t)=0 onI's (2.6)

for allt € [0,T] and, in addition,

u(0) =ug, o(0) =09 in Q. (2.7)

We now provide a short description of the equations and conditions (2.1)—(2.7) and we send the
reader to [22] for additional details and mechanical interpretations. First, equation (2.1) represents
the elastic-viscoplastic constitutive law, (1.1). Equation (2.2) is the equilibrium equation, in which f
denotes the density of body forces. We use this equation since we assume that the contact process is
quasistatic. Next, conditions (2.3) and (2.4) are the displacement and traction boundary conditions,
in which f, represents the density of surface tractions. Conditions (2.5) are the contact conditions in
which g is a given bound and p represents a normal compliance function which will be described below.
These conditions model the contact with a rigid foundation covered by a layer of thickness g, made of
an elastic material. Condition (2.6) is the frictionless condition and, finally, (2.7) represent the initial
conditions, in which ug and oy denote the given initial displacement and initial stress, respectively.

Function spaces. We now introduce the function spaces we need in the variational analysis of
Problem P. First, we use “-” and “|| - ||” to represent the inner product and the Euclidean norm
on the spaces R? and S%, respectively. Moreover, we use the standard notation for the Lebesgue and
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Sobolev spaces associated to € and I'. Typical examples are the spaces L?(Q)?, L*(T)%, H'(Q)4,
equipped with their canonical Hilbertian structure. For an element v € H 1(Q)d we still write v for
the trace yv € L?(I')? and v, € L*(T) for the normal trace on the boundary, i.e., v, = v-v. Moreover,
e(v) will denote the symmetric part of the spatial gradient of v, i.e.,

e(v) = %(VU + vol). (2.8)

Next, we introduce the spaces V' and @, defined as follows:

V={v=(w)€eH Q) : v,=0 on Iy Vi=1,d}, (2.9)
Q = {0’ = (Uij): Oij = 0j; € LQ(Q) Vi, j :m} (2.10)

The spaces V and @ are real Hilbert spaces endowed with the inner products

(u,v)y = /Qe(u) -e(v) duz, (o, T)g = /QO"TdiL‘. (2.11)

The associated norms on these spaces will be denoted by || - ||y and || - ||g, respectively. Recall that
the completeness of the space (V, || - [|v) follows from the assumption meas (I'1) > 0, which allows the
use of Korn’s inequality. Note also that, by the definition of the inner product in the spaces V and
@, we have

lolly = le@)le  Yvev (2.12)

and, using the Sobolev theorem, we deduce that
[vll2rya < collvlly  YveV. (2.13)

Here ¢ is a positive constant which depends on © and I'y. We also denote by (V*,|| - ||y«) the dual
of the space V, (-,-) will represent the duality pairing between V and V* and 0y, Oy« will denote the
zero elements of the spaces V and V*, respectively.

History-dependent operators. For any normed space (Z,|| - ||z) we denote by C([0,T]; Z) the
space of continuous functions defined on [0, 7] with values in Z. It is well known that if Z is a Banach
space, then C([0,T]; Z) is a Banach space, equipped with the norm

= ¢ Yo e C([0,T): 2).

lvlleory2) nax, [o(®)]lz v e C([0,T]; 2)

Moreover, if U C Z, we denote by C([0,T];U) the set of functions in C([0,T]; Z) with values in U.
Let now (Z,] - ||z) and (Y, - |ly) be two normed spaces. We recall that an operator © :

C([0,7],Z) — C(]0,T],Y) is said to be a history-dependent operator if there exists L > 0 such
that

|1Ov(t) — Ow(t)|ly < L/O lv(s) —w(s)||zds Vo, we C([0,T],2), t €[0,T].

Here and below we use the shorthand notation ©v(t) to represent the value of the function Ou at
the point ¢, i.e., Ou(t) = (Ou)(t), for all v € C([0,T]; Z) and t € [0,T]. Introduced in [20], history-
dependent operators have a number of useful properties, that can be found in the books [21, 22]. In
particular, we shall need the following fixed point result.

Theorem 2.1. Let (Z,| - ||z) be a Banach space and let © : C([0,T],Z) — C(]0,T],Z) be a history-
dependent operator. Then, © has a unique fized point, that is, there exists a unique function n* €
C([0,T],Z) such that ©On* = n*.
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Remark 2.1. A proof of Theorem 2.1 can be found in [22, p.41]. There, it is shown that there exists
a positive integer m such that a power A™ of A is a contraction on the space C([0,T),Z). Then, the
proof is based on the Banach fized point principle.

Variational formulation. In the study of Problem P we assume that the elasticity operator £ and
the viscoplastic function G satisfy the following assumptions.

E = (Eijrr): Q x S — S% is such that:

(@) Eijrt = Erij = Ejim € L=(Q), 1 < i,5,k, 1 < d. (2.14)

(b) There exists mg > 0 such that
ET -1 > mg||T|? forall T € S, a.e. in Q.

((G: Q xS%x S* — S? is such that:

(a) There exists Lg > 0 such that
Hg(ma 0-1751) - Q’(:c, 02, EQ)H
< Lg(lloy — o2f + [ler — &) (2.15)
for all oy, o2, €1, €2 € S%, a.e. x € Q.
(b) G(-, 0, €) is measurable in € for all o, € € S%.

(¢) G(x,0,0) =0 for a.e. ¢ € Q.

The densities of the body forces and tractions satisfy the conditions
fo € C(0, T L(Q)Y),  fa € C(0,T); L*(To)?), (2.16)
and the normal compliance function is as follows.

p:T'3 x R — R, is such that:

(a) There exists L, > 0 such that
lp(x,71) — p(®,12)| < Lp[r1 — 12
Vry, 9 € R, a.e. x €I'3.
(b) (p(@, 1) — (@, 72))(r1 — 1) = 0 (2.17)
Vri, o €R, ae x €ls.

(c) The mapping @ — p(x,r) is measurable on I's,
for any r € R.

(d) p(z,r) =0forallr <0, ae. x €l}s.

We recall that
g>0 (2.18)

and, finally, we suppose that the initial data have the regularity
up eV, op€Q. (2.19)

We now move to the variational formulation of Problem P. To this end, we consider the set of
admissible displacement fields defined by

K={veV:v,<g ae only}, (2.20)
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and we note that
K is a nonempty closed convex subset of V. (2.21)

Then, following a standard approach based on integration by parts and relations (2.2)—(2.6) it
follows that for any ¢ € [0, T, the following inequality holds:

ut) € K, / o(t) - (e(v) — e(u(t))) dz + / Pt (£)) (0 — (1)) dT (2.22)
Q I's
> / Folt) - w—w®)de+ [ fot)- (v —u()dl Vo e K.
Q Iy
Next, we integrate the equation (2.1) with the initial conditions (2.7) to obtain that

o(t) =Ee(u(t)) + /Ot G(o(s),e(u(s))ds+ oo — Ee(ug) Vte[0,T]. (2.23)

We now use assumptions (2.17) and (2.16) to define the operator P : V' — V* and the function
f:[0,T] = V* by equalities

(Pu,v) = / p(uy)v, dl' Yu,v eV, (2.24)
T's

<f(t),v>:/gf0(t)-vdx+ [ 0w veepT) Woev. (2.25)

Note that assumption (2.17) combined with inequality (2.13) shows that P : V — V* is a monotone
Lipschitz continuous operator, that is

(a) (Pu— Pv,u—wv)>0 Vu,veV,
(2.26)
(b) ||Pu— Pv|y+ < BLyllu —vl|lv Vu,veV.
Moreover, the regularity (2.16) implies that
feC(o,T;v"). (2.27)

Finally, we combine inequality (2.22) with equation (2.23) and use notation (2.24), (2.25) to obtain
the following variational formulation of Problem P.

Problem Py. Find a displacement field w : [0,T] — K and a stress field o : [0,T] — Q such that

(0(t), £(v) — e(u(t))q + (Put), v —ult) = (F(),v—u(t) Yove K, (2.28)
o(t)=CEe(u(t)) + /0 G(o(s),e(u(s)))ds + oo — Ee(up), (2.29)

for allt € [0,T7].

The unique solvability of Problem Py will be provided in the next section, by using a fixed point
argument. Here, we restrict ourselves to note that a pair of functions (u, o) which satisfies (2.29) and
(2.28) is called a weak solution to Problem P.
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3 Weak Solvability

To provide the existence of a unique solution to Problem Py, we need additional notation and prelim-
inaries. To this end, everywhere in this section we assume that (2.14)—(2.19) hold, even if we do not
mention it explicitly. We start by considering the operator € : V' — @ defined by (2.8) and denote by
e*: @ — V* its adjoint. Then,

(e*(m),v) =(n,e(v)g VneQ,veV (3.1)
and, therefore, (2.12) implies that

le*mllv- <lmlle VvVmnea@. (3.2)

Moreover, assumption (2.14) yields
1€e(v)llq < Mellvlly  VoeV (3.3)

with some constant Mg > 0. Inequalities (3.2) and (3.3) will be used in various places in the rest of
the manuscript.
Next, we consider the operator A : V — V* defined by quality

(Au,v) = (£e(u),e(v))g + (Pu,v) Vu,veV (3.4)

and note that, using (2.14), (3.3) and (2.26), it follows that A is a strongly monotone Lipschitz
continuous operator, that is
{ (a) (Au— Av,u —v) > mg|u—v|? Vu,veV,
(3.5)
(b) [l Au - Av|ly- <

(Mg + BLy)||lu — vy Vu,veV.

Moreover, using the properties (2.21) and (3.4) of the set K and the operator A, a standard
argument on elliptic variational inequalities guarantees that for any w € V* there exists a unique

element z such that
zeK, (Az,v—2z)>(w,v—2) VYvelk.

We denote by F : V* — K the solution map of this inequality, that is,
z=Fw <= ze€ K, (Az,v—2)>(w,v—2) VYveEK, (3.6)

for any w € V*. Moreover, it is easy to see that F is a Lipschitz continuous operator with constant

1
e 1e

1 *
H}'wl — ]:LUQHV < mig ||w1 — CAJQHV* le, wo € V™. (37)
To proceed, we consider the product space X =V x ) endowed with the norm
10llx = [lullv +llolle VO =(u,0)cX, (3.8)

together with the operators Ag : C([0,7]; X) — C([0,T];Q), A1 : C([0,T]; X) — C([0,T];V), Aa :
C([0,T; X) — C([0,T];Q) and A : C(]0,T); X) — C([0,T]; X) defined as follows:

AoB(1) / G(o(s), e(u(s)) ds + oo — Ee(ug), (3.9)
MO(t) = F(f(t) — e"AoO(t)), (3.10)
AsB(t) = Ee(AL0(1)) + AoB(1), (3.11)

AB(t) = (A10(t), A20(1)), (3.12)
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for any 8 = (u,0) € X, t € [0, T]. Note that the assumptions on the data combined with the regularity
(2.27) and inequality (3.7) guarantee that the operators Ag, A1 and Ay and A are well-defined.

We now state our main result in this section.

Theorem 3.1. Assume (2.14)—~(2.19). Then, there exists a unique solution to Problem Py . Moreover,
the solution satisfies w € C([0,T]; K) and o € C([0,T]; Q).

The proof of Theorem 3.1 is carried out in several steps that we present in what follows.

Lemma 3.1. Let 0 = (u,0) € C([0,7]; X). Then, the couple (u,o) is a solution to Problem Py if
and only if A@ = 0.

Proof. Let t € [0,T]. We use definitions (3.9), (3.4) to see that the following equivalence holds:

(u(t),o(t)) satisty (2.28) and (2.29) <=

(a) (Au(t),v —u(t)) + (Aob(t),e(v) — e(u(t)))q

(3.13)
z (f(t),v —u(t)) VveK,
(b) o(t) = Ee(u(t)) + Aob(1). )
On the other hand, using equality (3.1) and definition (3.6), it follows that
u(t) satisfies the inequality (3.13) (a) <
(Au(t),v —u(t)) > (f(t) — " NoO(t),v —u(t)) Vve K <
w(t) = F(F(t) — " hob(2)).
Therefore, definition (3.10) shows that
u(t) satisfies inequality (3.13) (a) <= u(t) = A10(¢). (3.14)
Using now (3.14) and (3.11) it follows that
(u(t), o (t)) satisty (3.13) (a), (b) < wu(t) = A10(t), o(t) = A20(t). (3.15)
Then, combining the equivalences (3.13) and (3.15) we deduce that
(u(t),o(t)) satisfy (2.28) and (2.29) <= wu(t) = M0(t), o(t) = A20(2). (3.16)
Finally, we use (3.16) and the definition (3.12) of the operator A to conclude the proof. O

We now proceed with the following result.
Lemma 3.2. The operator A : C([0,T]; X) — C([0,T]; X) is a history-dependent operator.

Proof. Let 0 = (u,o) € C([0,T); X), n = (v,7) € C([0,T]; X) and let t € [0,T]. We use definition
(3.12) and equality (3.8) to see that

[A6(t) — An(t)|lx = [[A10(t) — Ain(t)[lv + [|A20(t) — Aan (D)@ (3.17)



M. Sofonea and A. Matei 9

Next, the definitions (3.10) and inequalities (3.7), (3.2) show that
[1A10(t) — Aim(t)[lv < C[[AeB(t) — Aom(t)]l@ (3.18)

where, here and below, C' represents a generic positive constant which does not depend on ¢ and whose
value will change from place to place. Moreover, the definition (3.11) and inequalities (3.3), (3.18)
yields

[1A20(t) — Aan ()]l < Cll800(t) — Ao (D) @- (3.19)

Note also that the definition (3.9) of the operator Ag and assumption (2.15) imply that

[1A06(t) — Aom(t) @ < C/O (w(s) = v(s)llv + llo(s) = 7(s)ll@)ds,

and, using (3.8), we find that

[1800(t) — Aon ()]l < C/O 18(s) —n(s)|xds. (3.20)

We now combine (3.17)—(3.20) to see that

[A6(t) — An(t)]|x < C/O 16(s) = n(s)llxds, (3.21)

which concludes the proof. ]

Remark 3.1. [t follows from the proof of Lemma 3.2 that, besides the operator A, the operators Ay,
A1 and Ao are history-dependent operators, too. This implies that they are Lipschitz continuous. We
shall use these properties in Section 4 below.

We are now in a position to provide the proof of Theorem 3.1.

Proof. Theorem 3.1 is a direct consequence of Lemmas 3.1, 3.2 and Theorem 2.1. O

We end this section with the remark that the fixed point problem of finding a function 6 €
C([0,T]; X) such that A@ = 0 represents an alternative to Problem Py . Indeed, in various estimates

we present below it will be more convenient to use this fixed point problem instead of the system
(2.28), (2.29).

4 A Convergence Criterion

In this section we provide necessary and sufficient conditions which guarantee the uniform convergence
of an arbitrary sequence {6, } = {(un, o)} C C([0,T]; X) to the solution 6 = (u, o) of Problem Py .
To this end we use the symbol “—” to indicate the convergence in various normed spaces that will be
specified, except in the case when these convergences take place in R. All the limits are considered as
n — 00, even if we do not mention it explicitly. For a sequence {e,} C Ry which converges to zero we
use the short hand notation 0 < &, — 0 and we denote by d(v, K) the distance between the element
v € V and the set K, in the Hilbertian structure of the space V. Finally, we recall that below in this
section C' will represent a generic positive constant which does not depend on n € N and ¢ € [0, 7]
and whose value will change from place to place.

Assume that (2.14)—(2.19) hold and, given a sequence {0,} = {(un,0,)} € C([0,T]; X), we
consider the following statements.
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(S1) u, > u in C([0,T;V) and o, 0o in C(]0,T];Q).
(S2) There exists 0 < ¢, — 0 such that
(a) d(un(t), K) < en,

(b)  (on(t), e(v) = e(un(t))q + (Pun(l),v — un(t))
ten(l+ lv —un(t)lv) = (F(t), v —un(t)) Vv eK,

© [Jontt) ~ ctunt) [ Goa(s)etuns)) ds —on+ Ectu], <o

for all n € N and t € [0, 7.

(S3) wy, — N6, = 0y in C([0,T];V) and o, — A0, = 0o in C([0,T];Q).
Our result in this section is the following.
Theorem 4.1. Assume (2.14)—(2.19). Then, the statements (S1), (S2) and (S3) are equivalent.

The proof of Theorem 4.1 is based on the following preliminary results.

Lemma 4.1. Assume (2.14)—(2.19) and let {6,,} = {(un,0,)} C C([0,T]; X) be a sequence which
satisfies conditions (4.1)(b),(c). Then, there exists a constant M > 0 which does not depend on n and
t such that

160,(t)]|x < M, |A00n(t)]lo < M, VneN, tel0,T]. (4.2)

Proof. Let n € N and t € (0,7]. We take v = Oy in (4.1)(b) and use the equality POy = Oy~
combined with the monotonicity of P to see that

(an(t),e(un(t))q < en(l + lun(®)llv) + (£ (t), un(t)).
Therefore,
(on(t) — Ee(un(t)) — Aobn(t), e(un(t)))q + (E€(un(t)) + Aobn(t), e(un(t)))Q
< 5n(1 + ”un(t)”V) + <.f(t)7un(t)>7
which implies that
(Ee(un(t)),e(un(t)))q < llon(t) — Ee(un(t)) — Aobn(t)llQllun(t)llv (4.3)
[ A00n @) llQllun(®)llv +en(l + [lun(®)[lv) + £ @) v-[lwn(®)]v. (4.4)
We now use assumption (S2)(c) and definition (3.9) to see that
lon(t) = Ee(un(t)) = Aobn(t)llQ < n- (4.5)

Next, we combine inequalities (4.3) and (4.5), use assumptions (2.14), the boundedness of the sequence
{en} and the regularity (2.27) to see that there exists a constant C' > 0 such that

lun @)} < C1+ [|808n(t)llQ) [un(t)llv + C. (4.6)
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Next, we use the elementary inequality
2
?<ar+b = z<a+Vb Yz, a, be|0,x) (4.7)

to find that
[un ()]l < Cl|Ao0y(t)]lq + C- (4.8)

On the other hand, inequalities (4.5) and (4.8) yield
lon(t)lle < CllAdn(t)lq + C. (4.9)

We now add inequalities (4.8), (4.9), use (3.8), the definition (3.9) and the properties (2.15) of the
function G to see that

16.(1)]lx < C /0 164(5) l@ds + C. (4.10)

The inequalities in (4.2) follow now from (4.10), by using the Gronwall argument and inequality
(3.20). O
We now provide the proof of Theorem 4.1.

Proof. The proof is carried in three steps, as follows.

Step i) We prove the implication (S1) = (S2). Assume (S1). Let n € N, ¢ € [0,7] and v € K.
Then, since u(t) € K it follows that

d(un(t), K) < |lun(t) —u(t)llv < on (4.11)

where, here and below,
on = llun — ulloqorv)- (4.12)
On the other hand, (2.28), (2.29) and the definitions (3.4), (3.9) show that

(Au(t), 0 — u(t) + (A0(0), s(v) — e(u(t)))q = (F(1),v — u(t)
and, therefore,
(Aun(t), v — un(t)) + (Aun(t) — Au(t), un(t) — v) + (Au(t), un(t) — u(t))
+(A0On (1), €(v) — e(un(t)))q + (Aobn(t) — AoB(t), e(un(t)) — e(v))q
—(M08(1), e(u(t)) — e(un(t)))q + (£ (1), u(t) — un(t)) = (f(t),v — un(t)).

Denote by L4 and Lg the Lipschitz constants of the operators A and Ag, respectively, see (3.5)(b) and
Remark 3.1. Then, after some algebra, the previous inequality combined with notation (4.12) yields

(Aun (1), v — un(t)) + Ladnllv — wn(t)|lv + nl| Au(t)[|v- (4.13)
+(A00n (1), €(v) — €(un(t))q + Lol|On — Ollc (o110 1V — wn(t)[lv
+0nllA00 ()| + Onll F(D)[[v+ = (F(2), v — un(t)).
Let D > 0 be a constant which does not depend on n and ¢ such that

[Au(®)]lv- + [[A08()ll@ + [[F () lv- < D (4.14)
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and let
Cn = 1100 = Bllc(o,17:x)- (4.15)
We combine (4.13)—(4.15) to find that
(Aun(t),v = un(t)) + (AoOn(t), e(v) — e(un(t)))q
+(Ladn + LoGa) [lv — un(t)lv + Ddn > (f(1),v — un(t))
and, using notation (3.4), we find that
(@n (1), e(v) = e(un(t)))q + (Pun(t),v — un(t)) (4.16)
+(Ladn + LoGa) [|v — un(t)lv + Ddn > (f(1), v — un(l))

where

T (t) = Ee(un(t)) + Noby(t). (4.17)
Next, we use equivalence (3.15) and definition (3.11) to see that
o(t) =Ee(u(t)) + AoB(?).
Using this equality we write
lon(t) = Ee(un(t)) — Aobn(t)llq < llon(t) —a(t)lQ
+HEe(u(t) — Ee(un(t))ll@ + [1A00(t) — Aobn(t)llo;

and, using assumption (2.14), the Lipschitz continuity of the operator Ay and equality (3.8), we find
that
loa(t) — Ee(un(®) — AoBa(®ll < Ell6n — Ollciorx.

with E > 0 being a constant which does not depend on n and ¢. Hence, definition (4.15) implies that
lon(t) = Ee(un(t)) = Aobn(t)ll@ < ECn (4.18)
and, combining this inequality with definition (4.17) yields
lon(t) =Tn(t)lle < EG. (4.19)
Finally, writing 6,,(t) = o,(t) — on(t) + o (t) in (4.16) and using inequality (4.19) we deduce that
(n(t), €(v) = e(un(t)))@ + (Pun(t), v — un(t)) (4.20)
H(EG + Ladn + LoGn)llv = ua(t) v + Don 2 (f(2), v — un(t)).

Define
€, = max {5n, ECa + Ladn + LoCa, Dén},

and note that (4.12), (4.15) and assumption (S7) show that 0 < e, — 0. Moreover, inequalities (4.11),
(4.20), (4.18) and definition (3.9) guarantee that condition (S2) is satisfied.

Step i) We prove the implication (S2) = (S3). Assume (S2). Let n € N and ¢ € [0,T]. Denote

Tn(t) = Ee(un(t)) + /0 G(on(s),e(un(s)))ds + o9 — Ee(up) = Ee(un(t)) + Aobn(t),  (4.21)
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and note that condition (S2) (c) implies that
lon(t) — Ta(t)llo < en (4.22)
On the other hand, using condition (S2) (b) and (4.21) we find that
(on(t) = Tn(t), e(v) — e(un(t)))Q
+(Ee(un(t)) + Aobn(t),e(v) — e(un(t)))q + (Pun(t),v — un(t))
ten(1+ v —un(t)lv) = (F(), v —un(t)) Vve K.
Then, using inequality (4.22) combined with definition (3.4), we deduce that

(Aun(t),v — un(t)) + (Aon(t), e(v) — e(un(l)))q (4.23)
ten(14 2o — un(®)lv) > (F(£),v — un(t)) Yo e K.

Let
A0, (1) = up(t), A0, (t) = on(t). (4.24)

Note that definitions (3.10), (3.6), (3.11) and (3.1) imply that

ﬁn(t) € K7 <A"7n(t)7v - an(t)> + (A(Jen(t)a E(v) - E(an(t)))Q (4'25)
2 <f(t)7v - an(t» Vv € K)

Gu(t) = E(Tn(t)) + AoBn(t). (4.26)

We denote v,,(t) = Pxuy,(t) and wy,(t) = uw,(t) — Pxuy(t), where Pg : V' — K represents the
projection operator on K. We have

Un(t) = vp(t) + wi(t), v,u(t) € K (4.27)
and, since d(u,(t), K) = ||lwy(t)|v, condition (S2) (a) implies that
lwn ()l x < én. (4.28)

We now use (4.23) with v = u,(t), then we take v = v, (¢) in (4.25) and add the resulting inequalities
to see that

(At (t), vn(t) — wn(t)) + (Aup(t), un(t) — un(t)) (4.29)
+(A09n(t), E('vn(t)) - e(un(t))Q +éen + 25n‘|ﬁn(t) - un(t)HV > <.f(t)7 'Un(t) - un(t»
We now write
<A1~lfn(t)7 Un(t) - an(t» = (A'Tl'n(t)a vn(t) - un(t)> + <A1~"n(t)7 un(t) - ﬁn(t»a
substitute this identity in (4.29), then use inequality (3.5) (a) and equality (4.27) to find that

me|Un(t) = un ()} < (1A% (0 [v+ + 808 B)llQ + 1 @)llv+) lwa(®) v (4.30)

ten + 2en]|wn(t) — un(t)|lv.
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On the other hand (4.24) and the Lipschitz continuity of the operator Aj, guaranteed by Remark
3.1, show that
[un(®)llv < Cll6x0)[lv + C. (4.31)

Next, we use the bounds (4.31), (4.2), (4.28) in (4.30) to deduce that
[ (t) = un(t)][} < Cen + 2en|Un(t) — wn()]lv,

with some constant C' > 0. Then, inequality (4.7) and the convergence &,, — 0 imply that

un(t) —u,(t) = 0y in C([0,T];V). (4.32)
To proceed, we write

Joa(t) = En(t)lg < loalt) = Ta®llg + I7alt) — Fn(0) o,
then we use inequality (4.22) and equalities (4.21), (4.26) to see that
lon(t) —on(t)llq < en + [[Ee(un(t) — Ee(un(t))llq-

Employing now inequality (3.3) together with the convergences (4.32), e, — 0, we deduce that

on(t)—on(t) = 0g in C([0,T];Q). (4.33)

Finally, we use the definition (4.24) and the convergences (4.32), (4.33) to find that condition (S3) is
satisfied.

Step iii). We prove the implication (S3) = (S1). Assume (S3) or, equivalently,
0, — A0, — 0x in C([0,T]; X). (4.34)

Denote by A the powers of the operator A, for k = 1,2,.... Then, using inequality (3.21), after
some algebraic calculations, we deduce that the operator A* : C([0,T]; X) — C([0,T]; X) is a Lipschitz

continuous operator with constant L; = CTT, that is,

1A%E — A nlloqoryx) < Lillé — nllerx) Y€ n € C(0,T]; X). (4.35)
Next, it is easy to see that
. CkTH
klggo K 0

and, therefore, inequality (4.35) guarantees that there exists m € N such that A™ is a contraction on
the space C([0,T]; X), i.e.,
L, <1 (4.36)

We now use equality A™6@ = 0 (guaranteed by equality A@ = 0) to see that
185 = Bllco,73:x) < 10 — ABnlleqoz1x) + [1A0n — A0l co,17:x)
+o A A0, = A0 o, ryix) + AT 00 — A6 0,17 x) -
Next, using (4.35) we find that

160 = Ollcqorrx) < (1+Li+ Lo+ ...+ Lin—1) 100 — ABullc(o,17:x) + Lin |00 — Ollco,11:)
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which implies that
(1= Lm)|[0n = Ollcqoryxy < (1+ L1+ Lo+ ...+ Lin—1) 00 — ABnlc(jo.17:x)-

Then, inequality (4.36) yields

1
160 = Olloqorix) < 77 (14 L1+ La+ ...+ Lin—1)|0n — A0y || c(jo.17: ) -

Finally, we use the convergence (4.34) to see that 6,, — 6 in C([0,T]; X) and, therefore, the statement
(S1) holds. O

Remark 4.1. Theorem 4.1 shows that a sequence {0,} = {(un,0o,)} C C([0,T]; X) converges uni-
formly to the solution @ = (u, ) of Problem Py if and only if it satisfies condition (S2). It turns out
from here that this condition represents a criterion of convergence to the solution of Problem Py .

We now provide an application of Theorem 3.1. To this end, we keep assumption (2.14)—(2.19)
and, for each n € N we consider a function f,, € C([0,T];V*) as well a constant g,, such that

fneC(0,T; V"), (4.37)
gn > 0. (4.38)

We denote by K, the set defined by
K,={veV:v,<g, ae.onls} (4.39)

and consider the following variational problem.

Problem P7,. Find a displacement field wy, : [0,T] — K,, and a stress field oy, : [0,T] — Q such that

(on(t),e(v) — e(un(t))q + (Pun(t), v — un(t)) = (Fu(t),v —un(t)) Vve Ky, (4.40)
on(t) =Ee(uy(t)) + /0 G(on(s),e(un(s)))ds+ o9 — Ee(ug), (4.41)

for all t € [0,T1].

It follows from Theorem 3.1 that Problem P7 has a unique solution with regularity w,, € C([0,T]; K,,),
o, € C([0,T];Q). Assume now that the following convergences hold:

fo—f in C([0,T; V), (4.42)
9n — 9. (4.43)
The link between the solutions of Problems Py, and Py, is given by the following result.
Theorem 4.2. Assume (2.14)—(2.19), (4.37), (4.38), (4.42) and (4.43). Then,
u, »u in C([0,T;V), o,—0o in C(0,7];Q). (4.44)

The proof of Theorem 4.2 requires some preliminary results. We assume in what follows that
(2.14)—(2.19), (4.37), (4.38), hold and denote by F,, : V* — K,, the map defined by

z=Fuw <= z€K,, (Az,v—2)>(w,v—2) YveEK,, (4.45)

for any w € V*. We have the following result.
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Lemma 4.2. Let {w,} C V* be a bounded sequence, {g,} C R a sequence such that g, > mqy for all
n € N with some mg > 0, g > 0, and let w € V*. There exists a constant C which does not depend on

n € N and such that
ve + Vg —gl)- (4.46)

Proof. Let wy, w € V*, n € N and denote Frw, = z,, Fw = z. We use (3.6) and (4.45) to see that

[Fnwn — Fuwlly < C(lwn — v

(Azn, v — zp) > (Wn, v — 2zp) Vv E K, (4.47)
(Az,v — z) > (w,v — z) YveK. (4.48)

Then, taking v = Oy in (4.47) and using inequality (3.5) (a) together with equality AOy = Oy, we
find that

mel|zall} < (wn, zn) < lwnllv-llzallv,

which shows that the sequence {z,} C V* is bounded in V. Denote

an=" g, =2 (4.49)
g gn

and note that o,z € K, 8,2z, € K. We take v = apz in (4.47) and v = 5,2, in (4.48), then we add
the resulting inequalities to see that

(Azp,anz — zp) + (Az, Bnzn — 2) > (Wn, anz — 2p) + (W, Brzn — 2).
We now write ap,z = z + (o, — 1)z, Bpnzn = 25 + (Bn — 1) 2, to find that
(Azp — Az, zp — 2) < (o, — 1) [(Azn, z) — (wy, z>}
+(Bn — 1) [{(Az, z,) — <w,zn)} +{wp — w, 2y — 2).

Then, using the boundedness of the sequences {z,} C V, {w,} C V* and the properties of A, we find
that there exists a positive constant C' which does not depend on n such that

Iz — 2l < Cllwn - wllv-llza — zlv + Cllan — 1] + 18, - 1)).

Vo

We now use inequality (4.7) to find that

Izn = 2|V < Cllwy = wllv+ + VC(lan = 1[ + 8, — 1)) (4.50)
Moreover, equalities (4.49) combined with inequality g, > mo show that
‘an_ll"i_lﬁn_u SC’gn_g’- (4‘51)

Finally, we combine inequalities (4.50) and (4.51) to see that (4.46) holds. O

We now provide the proof of Theorem 4.2.

Proof. Let n € Nand ¢ € [0,T]. It follows from the proof of Theorem 3.1 that the solution of Problem
- satisfies the equalities

Un(t) = Fp(f(t) —€"Noby(t)), on(t) =Ee(un(t)) + Aobn(t) (4.52)
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where, recall, the operator Ay is given by (3.9). Then, using (3.10) and (4.46) we deduce that

[un(t) = MOn(t)|lv < C([£n(t) = FE)lve + VIgn — gl)- (4.53)
On the other hand, using (4.52), (3.11) and (3.3) we see that
lon(t) — A2 (t)[lg = [[€e(un(t)) — Ee(A1bn(t))llq < Me|un(t) — A10n(t)[lv
and, therefore, (4.53) implies that

lon(t) = A20n(t)ll@ < C(1F () = FEO) v+ + Vgn — gl)- (4.54)

Finally, we use the convergences (4.42) and (4.43) in (4.53) and (4.54) to deduce that the sequence
{0,,} = {(un,0,)}} satisfies condition (S3). Theorem 4.2 is now a consequence of Theorem 4.1. [

We end this section with the remark that, besides the mathematical interest in the convergence
result (4.44), it is interesting from the mechanical point of view, since it shows that the weak solution
of the contact problem P depends continuously on the density of the applied forces and the thickness
of the deformable layer.

5 Well-Posedness Results

The well-posedness concepts of a nonlinear problem depend on the problem considered, vary from
author to author, and even from paper to paper. Nevertheless, most of them are based on two
main ingredients: the existence and uniqueness of the solution to the corresponding problem and the
convergence to it of a special class of sequences, the so-called approximating sequences. In this section,
we introduce two well-posedness concepts in the study of Problem Py and, to this end, we start with
the following definition.

Definition 5.1. 1) A sequence {0,} = {(upn,0,)} C C([0,T]; X) is said to be a Ti-approzrimating
sequence if there exists 0 < e, — 0 such that

(a) wun(t) € K,

(b)  (on(t),e(v) —e(un(t)))q + (Pun(t),v — un(t))
tenllv — un(®)|lv > (F(E),v —un(t)) VveK, (5.1)

(c) Ho-n(t) — Eelun(t)) — /Ot G(on(s), e(un(s))) ds — oo + Es(uo)HQ <éen,

for alln € N and t € [0,T].
2) A sequence {0,} = {(un,0,)} C C([0,T]; X) is said to be a To-approrimating sequence if there
exists 0 < &, — 0 such that (4.1) holds, that is, it satisfies condition (S3).

3) Problem Py is said to be T;-well-posed (i = 1,2) if it has a unique solution 8 € C([0,T]; X)
and every T ;-approzimating sequence converges in C([0,T]; X) to 6.

We now introduce the following notation, for i = 1, 2:
S= {{en} c 0([0,T];X) : 6, — 0 in C(0,T]; X) }
Si = { {6,,} C C([0,T]; X) :{6,} is a T,;-approximating sequence }

Our main result in this section is the following.
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Theorem 5.1. Assume (2.14)—(2.19). Then, Problem Py is T1- and T 2-well-posed.

Proof. First, we use Theorem 3.1 to see that Problem Py has a unique solution. Next, we use
Definition 5.1 2) and Theorem 4.1 to see that So = S which implies that S; C S. Therefore,
Definition 5.1 3) guarantees that Problem Py is Ta-well-posed. Finally, Definition 5.1 1) shows that
S1 C 8y and, since S = S, we obtain that S§ C S. We conclude from here that Problem Py is
T1-well-posed, too. O]

A direct consequence of Theorem 5.1 is the following convergence result, which represents a par-
ticular case of Theorem 4.2.

Corollary 5.1. Assume (2.14)—(2.19), (4.37), (4.42) and, moreover, assume that g, = g, for each
n € N. Then, the convergence (4.44) holds where, recall, (un,0,,), (u,o) represent the solutions of
Problems Py, and Py, respectively.

Proof. Let n € N and t € [0,7]. Since g, = g, we deduce from (4.39) that K,, = K and, therefore,
(4.40) implies that

(on(t),€(v) = e(un(t))Q + (Pun(t), v —un(t)) = (Fu(t),v —un(t)) Vvek

Hence,

(on(t),e(v) — e(un(t)))q + (Pun(t), v — un(t))
H(F(t) = Fo(t), v —un(t)) > (F(t),v —un(t) YVveK
and, moreover,
(on(t),e(v) — e(un(t)))q + (Pun(t), v — un(t)) (5.2)
Hfn = Flleqorvallv —un®)lx > (£(1),v —ua(t)) Yoe K.

Inequality (5.2) combined with equality (4.41) and inclusion w,(t) € K show that conditions (5.1)
hold with &, = || f,, — Fllc(o;m);v+- Therefore, the convergence (4.42) implies that the sequence
{0,,} = {(up,0,)} € C([0,T]; X) a T1-approximating sequence. The convergence (4.44) is now a
direct consequence of the inclusion §; C §, guaranteed by Theorem 5.1. 0

We turn now to the inclusion §; C Ss used in the proof of Theorem 5.1. The one-dimensional
example below shows that this inclusion is strict, i.e., So # Sj.

Example 5.1. Consider Problem P in the particular case when d =1, Q = (0,1), I'y = {0}, T = 0,
I's ={1}, £ =1, G(0,e) = —¢ for alle € R, fo(x) = f for allx € [0,1], g > 0, p(r) =0 for all r € R,
oo(x) = f(1 — ), up(x) = f(m - %) for each x € [0,1], where f > 0 is a given constant. Note that

in this particular case e(u) = u’, where the prime represents the derivative with respect to the spatial
variable x. Moreover,

V={veH0,1): v(0)=0}, Q=L20,1),
K={veH"0,1): v(0)=0, v(l)<g},

and recall that .
(0,7)Q :/ ordr Vo, TE€Q.
0
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Then, using (2.28), (2.29), (2.25) and (2.24) it is easy to see that Problem Py can be formulated
as follows.

Problem Py. Find a couple of functions u : [0,T] =V, 0 :[0,T] — Q such that, for all t € [0,T],
the following holds:

a(t):u’(t)—/ W(s)ds Ve, (5.3)

) e K, / (W — da:>/fv—u())dx Yo € K. (5.4)

Now, for each n € N, we consider the problem (5.3), (5.4) with the data f, and g,. This problem
can be formulated as follows.

Problem 753' Find a couple of functions uy : [0,T7] =V, oy, : [0,T] = Q such that, for allt € [0,T],
the following holds:

on(t) = ul(t) — /0 ul,(s)ds vVt e [0,T], (5.5)

1 1
un(t) € Kn, /0 on ()W — s (1))da > /O Fulv — un(D))dz Yo € Kn. (5.6)

Here, K,, = {ve H'(0,1): v(0)=0, v(1)<g,}.
Assume now T = In 2757, fn= f—f—% and g, = g(l + f%z) Then, it is easy to check that the solution
of Problem Py is given by
2

(i, t) = f(az . %)et, o(z,t) = f(1—z) VYaelo,1], te[0,T]. (5.7)

Moreover, the solution of Problem 757‘; is given by
2

un(x,t):(f—&-%)(x—%)et, an(m,t):<f+%>(1—x) Veel,1], te[0,7]. (5.8

This implies that

un(l,T):%(]H—%)e (f+ )2fg g<1+fln)>g,

for each n € N.
We conclude from here that u,(T) ¢ K for each n € N, which shows that the sequence {0} =

{(un,on)} is not a T1-approzimating sequence for Problem Py . Nevertheless, it is easy to see that
u, > u in C([0,T;V) and o, — o in C([0,T];Q), (5.9)

which validate the convergence result in Theorem 4.2 and, moreover, it shows that the sequence {60, } =
{(un,on)} is a Ta-approzimating sequence for Problem Pyv. Note that the convergence (5.9) cannot
be obtained invoking the T 1-well-posed of Problem 7~DV. We conclude from here that the concept of
T o-well-posedness is stronger than concept of T1-well-posedness.

We end this section with the following comments on the equality So = S above.
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Remark 5.1. We claim that among all the concepts which make Problem Py well-posed, the T o-well-
posedness concept in Definition 5.1 is optimal, in the sense that it uses the largest set of approrimating
sequences. Indeed, consider a different well-posedness concept, say the T -well-posedness concept, de-
fined by a set of T -approximating sequences, denoted by S7. Then, if Problem Py is T -well-posed we
have ST C S, by definition. Now, since S2 = S, we deduce that ST C Sa, which justifies our claim. In
particular, the To-well-posedness concept in Definition 5.1 is better than the T 1-well-posedness concept
in Definition 5.1.
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