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Abstract: We consider a mathematical model which describes the contact of an elastic-viscoplastic body with

a foundation. The contact is frictionless and is modeled with normal compliance and unilateral condition.

The weak formulation of the model is in the form of a system which couples a variational inequality for the

displacement field with an implicit nonlinear equation for the stress field. We prove the unique solvability of

the problem by using a fixed point argument for history-dependent operators. Next, we provide necessary and

sufficient conditions which guarantee the convergence to the solution of this elastic-viscoplastic contact model.

We use these results in order to obtain a continuous dependence result and to introduce two well-posedness

concepts for the problem. Finally, we consider a one-dimensional example which allows us to compare the two

well-posedness concepts employed.
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1 Introduction

Contact problems involving deformable bodies abound in industry and everyday life. Because of the
importance of contact processes in structural and mechanical systems, a considerable effort has been
put into their modeling and analysis, and the literature in the field is extensive (see, for instance,
[1, 5, 6, 18, 21, 22]). The numerical analysis of the contact problems, including convergence results
and error estimates for discrete schemes as well as various numerical simulations, can be found in
[7–9, 11, 12, 17].

In most of the references above the material’s behaviour was described with an elastic or viscoelastic
constitutive law. This has the advantage that the stress field can be easily eliminated and the model
leads to a variational or hemivariational inequality in which the unknown is the displacement or the
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velocity field. In contrast, in the current paper we assume that the material is elastic-viscoplastic and
we model its behaviour with a constitutive law of the form

σ̇ = E ε̇+ G(σ, ε). (1.1)

Here and below in this paper σ denotes the stress tensor, ε is the linearized strain field, E is the
elasticity tensor and G is a given viscoplastic function. Moreover, the dot above a variable represents
the derivative with respect to time. Examples and mechanical interpretations of elastic-viscoplastic
laws of the form (1.1) can be found in [2, 4, 8], for instance. Such constitutive laws have been used
in order to model the behavior of metals, rocks, rubbers and polymers. Note that the function G in
(1.1) involves a full couple of strain and stress. This gives rise to some mathematical difficulties since,
using the above constitutive law in the structure of any boundary value problem leads to variational
formulations in the form of a system in which the unknowns are a full couple of stress and displacement.

The aim of this paper is three fold. The first one is to study a nonstandard contact model for
materials of the form (1.1). The contact is frictionless and is described with normal compliance
and unilateral constraint. In a variational formulation, the model we consider leads to a system which
combines a history-variational inequality for the displacement field with an implicit nonlinear equation
for the stress field. We show that the system has a fixed point structure and, therefore, we prove its
unique solvability by using a fixed point argument for history-dependent operators.

Our second aim is to provide a convergence criterion for the solution of the system. Such conver-
gence criteria have been recently obtained in the literature, in the study of variational and hemivari-
ational inequalities, see [23] and [24], for instance. The novelty is that here we deal with a system
and therefore, providing a convergence criterion requires to use a method adapted to the complex
structure of the problem, different to that used in [23, 24].

Finally, our third aim in this paper is to study the well-posedness of the above system. Here,
besides the fact that we deal with a variational problem with a nonstandard structure, the novelty
arises from the fact that we introduce two different well-posedness concepts, compare them, and
provide the corresponding well-posedness results. This allows us to prove the continuous dependence
of the solution with respect to the data. Well-posedness concepts for nonlinear problems represent an
important topic in Functional Analysis. This has known a significant development in the last decades.
Originating in the papers of Tykhonov [25] and Levitin-Polyak [13] (where the well-posedness of
minimization problems was considered), well-posedness concepts have been extended to a large number
of problems, including nonlinear equations, inequality problems, inclusions, fixed point problems, and
optimal control problems. In particular, the well-posedness of variational inequalities was studied for
the first time in [15, 16]. Comprehensive references in the field are [3, 10, 14, 26] and, more recently,
[19].

The rest of the manuscript is structured as follows. In Section 2 we introduce the mathematical
model of contact and present some notation and preliminary results. Then, we focus on the variational
formulation of the problem. In Section 3 we prove the unique weak solvability of the model. To this
end, we use a fixed point argument for history-dependent operators. Then, in Section 4 we state and
prove a convergence criterion. It provides necessary and sufficient conditions which guarantee the
convergence of a sequence of functions to the solution of the contact problem. We then apply this
criterion to deduce a continuous dependence result. We proceed with Section 5, in which we introduce
two well-posedness concepts in the study of our contact model and provide the corresponding well-
posedness results. Moreover, we consider a one-dimensional example that we use in order to compare
the well-posedness concepts previously introduced.
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2 The Contact Model

This preliminary section is structured in several parts, as follows.

Problem statement. Consider an elastic-viscoplastic body which occupies, in its reference confi-
guration, the domain Ω ⊂ Rd (d ∈ {1, 2, 3}) with regular boundary Γ. The outward unit normal at Γ
will be denoted by ν and we use the indices ν and τ to denote the normal and tangential components
of vectors and tensors, respectively. The body is held fixed on a part Γ1 of its boundary, is acted
by a time-dependent surface traction on Γ2 and is in frictionless contact with an obstacle on Γ3,
the so-called foundation. We assume that Γ1, Γ2 and Γ3 are given measurable parts of Γ such that
Γ = Γ̄1∪ Γ̄2∪ Γ̄3 and Γi∩Γj = ∅, for i, j = 1, 2, 3, i ̸= j. Moreover, we assume that the d−1 measure
of Γ1, denoted by meas(Γ1), is strictly positive. The body is submitted to the action of a body force,
the contact is frictionless, the process is quasistatic and the time interval of interest is [0, T ], with
T > 0. In addition, x stands for a typical point in Ω ∪ Γ and, for simplicity, we sometimes skip the
dependence of various functions on the spatial variable x, that is, we write u(t) instead of u(x, t),
for instance. Finally, we denote by Sd the space of second-order symmetric tensors on Rd. Then, the
mathematical model we associate to this physical setting is the following.

Problem P. Find a displacement field u : Ω× [0, T ] → Rd and a stress field σ : Ω× [0, T ] → Sd such
that

σ̇(t) = Eε(u̇(t)) + G(σ(t), ε(u(t))) in Ω, (2.1)

Divσ(t) + f0(t) = 0 in Ω, (2.2)

u(t) = 0 on Γ1, (2.3)

σ(t)ν = f2(t) on Γ2, (2.4)

uν(t) ≤ g, σν(t) + p(uν(t)) ≤ 0

(uν(t)− g)(σν(t) + p(uν(t)) = 0,

}
on Γ3, (2.5)

στ (t) = 0 on Γ3 (2.6)

for all t ∈ [0, T ] and, in addition,

u(0) = u0, σ(0) = σ0 in Ω. (2.7)

We now provide a short description of the equations and conditions (2.1)–(2.7) and we send the
reader to [22] for additional details and mechanical interpretations. First, equation (2.1) represents
the elastic-viscoplastic constitutive law, (1.1). Equation (2.2) is the equilibrium equation, in which f0

denotes the density of body forces. We use this equation since we assume that the contact process is
quasistatic. Next, conditions (2.3) and (2.4) are the displacement and traction boundary conditions,
in which f2 represents the density of surface tractions. Conditions (2.5) are the contact conditions in
which g is a given bound and p represents a normal compliance function which will be described below.
These conditions model the contact with a rigid foundation covered by a layer of thickness g, made of
an elastic material. Condition (2.6) is the frictionless condition and, finally, (2.7) represent the initial
conditions, in which u0 and σ0 denote the given initial displacement and initial stress, respectively.

Function spaces. We now introduce the function spaces we need in the variational analysis of
Problem P. First, we use “ · ” and “∥ · ∥” to represent the inner product and the Euclidean norm
on the spaces Rd and Sd, respectively. Moreover, we use the standard notation for the Lebesgue and
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Sobolev spaces associated to Ω and Γ. Typical examples are the spaces L2(Ω)d, L2(Γ)d, H1(Ω)d,
equipped with their canonical Hilbertian structure. For an element v ∈ H1(Ω)d we still write v for
the trace γv ∈ L2(Γ)d and vν ∈ L2(Γ) for the normal trace on the boundary, i.e., vν = v ·ν. Moreover,
ε(v) will denote the symmetric part of the spatial gradient of v, i.e.,

ε(v) =
1

2

(
∇v +∇vT

)
. (2.8)

Next, we introduce the spaces V and Q, defined as follows:

V = {v = (vi) ∈ H1(Ω) : vi = 0 on Γ1 ∀ i = 1, d }, (2.9)

Q = {σ = (σij) : σij = σji ∈ L2(Ω) ∀ i, j = 1, d }. (2.10)

The spaces V and Q are real Hilbert spaces endowed with the inner products

(u,v)V =

∫
Ω
ε(u) · ε(v) dx, (σ, τ )Q =

∫
Ω
σ · τ dx. (2.11)

The associated norms on these spaces will be denoted by ∥ · ∥V and ∥ · ∥Q, respectively. Recall that
the completeness of the space (V, ∥ · ∥V ) follows from the assumption meas (Γ1) > 0, which allows the
use of Korn’s inequality. Note also that, by the definition of the inner product in the spaces V and
Q, we have

∥v∥V = ∥ε(v)∥Q ∀v ∈ V (2.12)

and, using the Sobolev theorem, we deduce that

∥v∥L2(Γ)d ≤ c0 ∥v∥V ∀v ∈ V. (2.13)

Here c0 is a positive constant which depends on Ω and Γ1. We also denote by (V ∗, ∥ · ∥V ∗) the dual
of the space V , ⟨·, ·⟩ will represent the duality pairing between V and V ∗ and 0V , 0V ∗ will denote the
zero elements of the spaces V and V ∗, respectively.

History-dependent operators. For any normed space (Z, ∥ · ∥Z) we denote by C([0, T ];Z) the
space of continuous functions defined on [0, T ] with values in Z. It is well known that if Z is a Banach
space, then C([0, T ];Z) is a Banach space, equipped with the norm

∥v∥C([0,T ];Z) = max
t∈[0,T ]

∥v(t)∥Z ∀v ∈ C([0, T ];Z).

Moreover, if U ⊂ Z, we denote by C([0, T ];U) the set of functions in C([0, T ];Z) with values in U .
Let now (Z, ∥ · ∥Z) and (Y, ∥ · ∥Y ) be two normed spaces. We recall that an operator Θ :

C([0, T ], Z) → C([0, T ], Y ) is said to be a history-dependent operator if there exists L > 0 such
that

∥Θv(t)−Θw(t)∥Y ≤ L

∫ t

0
∥v(s)− w(s)∥Z ds ∀ v, w ∈ C([0, T ], Z), t ∈ [0, T ].

Here and below we use the shorthand notation Θv(t) to represent the value of the function Θu at
the point t, i.e., Θu(t) = (Θu)(t), for all v ∈ C([0, T ];Z) and t ∈ [0, T ]. Introduced in [20], history-
dependent operators have a number of useful properties, that can be found in the books [21, 22]. In
particular, we shall need the following fixed point result.

Theorem 2.1. Let (Z, ∥ · ∥Z) be a Banach space and let Θ : C([0, T ], Z) → C([0, T ], Z) be a history-
dependent operator. Then, Θ has a unique fixed point, that is, there exists a unique function η∗ ∈
C([0, T ], Z) such that Θη∗ = η∗.
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Remark 2.1. A proof of Theorem 2.1 can be found in [22, p.41]. There, it is shown that there exists
a positive integer m such that a power Λm of Λ is a contraction on the space C([0, T ], Z). Then, the
proof is based on the Banach fixed point principle.

Variational formulation. In the study of Problem P we assume that the elasticity operator E and
the viscoplastic function G satisfy the following assumptions.

E = (Eijkl) : Ω× Sd → Sd is such that:

(a) Eijkl = Eklij = Ejikl ∈ L∞(Ω), 1 ≤ i, j, k, l ≤ d.

(b) There exists mE > 0 such that

Eτ · τ ≥ mE∥τ∥2 for all τ ∈ Sd, a.e. in Ω.

(2.14)



G : Ω× Sd × Sd → Sd is such that:

(a) There exists LG > 0 such that
∥G(x,σ1, ε1)− G(x,σ2, ε2)∥

≤ LG(∥σ1 − σ2∥+ ∥ε1 − ε2∥)
for all σ1, σ2, ε1, ε2 ∈ Sd, a.e. x ∈ Ω.

(b) G(·,σ, ε) is measurable in Ω for all σ, ε ∈ Sd.

(c) G(x,0,0) = 0 for a.e. x ∈ Ω.

(2.15)

The densities of the body forces and tractions satisfy the conditions

f0 ∈ C([0, T ];L2(Ω)d), f2 ∈ C([0, T ];L2(Γ2)
d), (2.16)

and the normal compliance function is as follows.

p : Γ3 × R → R+ is such that:

(a) There existsLp > 0 such that
|p(x, r1)− p(x, r2)| ≤ Lp |r1 − r2|
∀ r1, r2 ∈ R, a.e. x ∈ Γ3.

(b) (p(x, r1)− p(x, r2))(r1 − r2) ≥ 0
∀ r1, r2 ∈ R, a.e. x ∈ Γ3.

(c) The mapping x 7→ p(x, r) is measurable on Γ3,
for any r ∈ R.

(d) p(x, r) = 0 for all r ≤ 0, a.e. x ∈ Γ3.

(2.17)

We recall that
g > 0 (2.18)

and, finally, we suppose that the initial data have the regularity

u0 ∈ V, σ0 ∈ Q. (2.19)

We now move to the variational formulation of Problem P. To this end, we consider the set of
admissible displacement fields defined by

K = {v ∈ V : vν ≤ g a.e. on Γ3 }, (2.20)
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and we note that

K is a nonempty closed convex subset of V . (2.21)

Then, following a standard approach based on integration by parts and relations (2.2)–(2.6) it
follows that for any t ∈ [0, T ], the following inequality holds:

u(t) ∈ K,

∫
Ω
σ(t) · (ε(v)− ε(u(t))) dx+

∫
Γ3

p(uν(t))(vν − uν(t)) dΓ (2.22)

≥
∫
Ω
f0(t) · (v − u(t)) dx+

∫
Γ2

f2(t) · (v − u(t)) dΓ ∀ v ∈ K.

Next, we integrate the equation (2.1) with the initial conditions (2.7) to obtain that

σ(t) = Eε(u(t)) +
∫ t

0
G(σ(s), ε(u(s)) ds+ σ0 − Eε(u0) ∀ t ∈ [0, T ]. (2.23)

We now use assumptions (2.17) and (2.16) to define the operator P : V → V ∗ and the function
f : [0, T ] → V ∗ by equalities

⟨Pu,v⟩ =
∫
Γ3

p(uν)vν dΓ ∀u, v ∈ V, (2.24)

⟨f(t),v⟩ =
∫
Ω
f0(t) · v dx+

∫
Γ2

f2(t) · v dΓ ∀ t ∈ [0, T ], ∀v ∈ V. (2.25)

Note that assumption (2.17) combined with inequality (2.13) shows that P : V → V ∗ is a monotone
Lipschitz continuous operator, that is{

(a) ⟨Pu− Pv,u− v⟩ ≥ 0 ∀u, v ∈ V,

(b) ∥Pu− Pv∥V ∗ ≤ c20Lp∥u− v∥V ∀u, v ∈ V.
(2.26)

Moreover, the regularity (2.16) implies that

f ∈ C([0, T ];V ∗). (2.27)

Finally, we combine inequality (2.22) with equation (2.23) and use notation (2.24), (2.25) to obtain
the following variational formulation of Problem P.

Problem PV . Find a displacement field u : [0, T ] → K and a stress field σ : [0, T ] → Q such that

(σ(t), ε(v)− ε(u(t)))Q + ⟨Pu(t),v − u(t)⟩ ≥ ⟨f(t),v − u(t)⟩ ∀v ∈ K, (2.28)

σ(t) = Eε(u(t)) +
∫ t

0
G(σ(s), ε(u(s))) ds+ σ0 − Eε(u0), (2.29)

for all t ∈ [0, T ].

The unique solvability of Problem PV will be provided in the next section, by using a fixed point
argument. Here, we restrict ourselves to note that a pair of functions (u,σ) which satisfies (2.29) and
(2.28) is called a weak solution to Problem P.
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3 Weak Solvability

To provide the existence of a unique solution to Problem PV we need additional notation and prelim-
inaries. To this end, everywhere in this section we assume that (2.14)–(2.19) hold, even if we do not
mention it explicitly. We start by considering the operator ε : V → Q defined by (2.8) and denote by
ε∗ : Q → V ∗ its adjoint. Then,

⟨ε∗(η),v⟩ = (η, ε(v))Q ∀η ∈ Q, v ∈ V (3.1)

and, therefore, (2.12) implies that

∥ε∗(η)∥V ∗ ≤ ∥η∥Q ∀η ∈ Q. (3.2)

Moreover, assumption (2.14) yields

∥Eε(v)∥Q ≤ ME∥v∥V ∀v ∈ V (3.3)

with some constant ME > 0. Inequalities (3.2) and (3.3) will be used in various places in the rest of
the manuscript.

Next, we consider the operator A : V → V ∗ defined by quality

⟨Au,v⟩ = (Eε(u), ε(v))Q + ⟨Pu,v⟩ ∀u, v ∈ V (3.4)

and note that, using (2.14), (3.3) and (2.26), it follows that A is a strongly monotone Lipschitz
continuous operator, that is{

(a) ⟨Au−Av,u− v⟩ ≥ mE∥u− v∥2V ∀u, v ∈ V,

(b) ∥Au−Av∥V ∗ ≤ (ME + c20Lp)∥u− v∥V ∀u, v ∈ V.
(3.5)

Moreover, using the properties (2.21) and (3.4) of the set K and the operator A, a standard
argument on elliptic variational inequalities guarantees that for any ω ∈ V ∗ there exists a unique
element z such that

z ∈ K, ⟨Az,v − z⟩ ≥ ⟨ω,v − z⟩ ∀v ∈ K.

We denote by F : V ∗ → K the solution map of this inequality, that is,

z = Fω ⇐⇒ z ∈ K, ⟨Az,v − z⟩ ≥ ⟨ω,v − z⟩ ∀v ∈ K, (3.6)

for any ω ∈ V ∗. Moreover, it is easy to see that F is a Lipschitz continuous operator with constant
1

mE
, i.e.,

∥Fω1 −Fω2∥V ≤ 1

mE
∥ω1 − ω2∥V ∗ ∀ω1, ω2 ∈ V ∗. (3.7)

To proceed, we consider the product space X = V ×Q endowed with the norm

∥θ∥X = ∥u∥V + ∥σ∥Q ∀θ = (u,σ) ∈ X, (3.8)

together with the operators Λ0 : C([0, T ];X) → C([0, T ];Q), Λ1 : C([0, T ];X) → C([0, T ];V ), Λ2 :
C([0, T ];X) → C([0, T ];Q) and Λ : C([0, T ];X) → C([0, T ];X) defined as follows:

Λ0θ(t) =

∫ t

0
G(σ(s), ε(u(s)) ds+ σ0 − Eε(u0), (3.9)

Λ1θ(t) = F(f(t)− ε∗Λ0θ(t)), (3.10)

Λ2θ(t) = Eε(Λ1θ(t)) + Λ0θ(t), (3.11)

Λθ(t) = (Λ1θ(t),Λ2θ(t)), (3.12)
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for any θ = (u,σ) ∈ X, t ∈ [0, T ]. Note that the assumptions on the data combined with the regularity
(2.27) and inequality (3.7) guarantee that the operators Λ0, Λ1 and Λ2 and Λ are well-defined.

We now state our main result in this section.

Theorem 3.1. Assume (2.14)–(2.19). Then, there exists a unique solution to Problem PV . Moreover,
the solution satisfies u ∈ C([0, T ];K) and σ ∈ C([0, T ];Q).

The proof of Theorem 3.1 is carried out in several steps that we present in what follows.

Lemma 3.1. Let θ = (u,σ) ∈ C([0, T ];X). Then, the couple (u,σ) is a solution to Problem PV if
and only if Λθ = θ.

Proof. Let t ∈ [0, T ]. We use definitions (3.9), (3.4) to see that the following equivalence holds:

(u(t),σ(t)) satisfy (2.28) and (2.29) ⇐⇒


(a) ⟨Au(t),v − u(t)⟩+ (Λ0θ(t), ε(v)− ε(u(t)))Q

≥ ⟨f(t),v − u(t)⟩ ∀v ∈ K,

(b) σ(t) = Eε(u(t)) + Λ0θ(t).


(3.13)

On the other hand, using equality (3.1) and definition (3.6), it follows that

u(t) satisfies the inequality (3.13) (a) ⇐⇒

⟨Au(t),v − u(t)⟩ ≥ ⟨f(t)− ε∗Λ0θ(t),v − u(t)⟩ ∀v ∈ K ⇐⇒

u(t) = F(f(t)− ε∗Λ0θ(t)).

Therefore, definition (3.10) shows that

u(t) satisfies inequality (3.13) (a) ⇐⇒ u(t) = Λ1θ(t). (3.14)

Using now (3.14) and (3.11) it follows that

(u(t),σ(t)) satisfy (3.13) (a), (b) ⇐⇒ u(t) = Λ1θ(t), σ(t) = Λ2θ(t). (3.15)

Then, combining the equivalences (3.13) and (3.15) we deduce that

(u(t),σ(t)) satisfy (2.28) and (2.29) ⇐⇒ u(t) = Λ1θ(t), σ(t) = Λ2θ(t). (3.16)

Finally, we use (3.16) and the definition (3.12) of the operator Λ to conclude the proof.

We now proceed with the following result.

Lemma 3.2. The operator Λ : C([0, T ];X) → C([0, T ];X) is a history-dependent operator.

Proof. Let θ = (u,σ) ∈ C([0, T ];X), η = (v, τ ) ∈ C([0, T ];X) and let t ∈ [0, T ]. We use definition
(3.12) and equality (3.8) to see that

∥Λθ(t)− Λη(t)∥X = ∥Λ1θ(t)− Λ1η(t)∥V + ∥Λ2θ(t)− Λ2η(t)∥Q. (3.17)
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Next, the definitions (3.10) and inequalities (3.7), (3.2) show that

∥Λ1θ(t)− Λ1η(t)∥V ≤ C∥Λ0θ(t)− Λ0η(t)∥Q (3.18)

where, here and below, C represents a generic positive constant which does not depend on t and whose
value will change from place to place. Moreover, the definition (3.11) and inequalities (3.3), (3.18)
yields

∥Λ2θ(t)− Λ2η(t)∥Q ≤ C∥Λ0θ(t)− Λ0η(t)∥Q. (3.19)

Note also that the definition (3.9) of the operator Λ0 and assumption (2.15) imply that

∥Λ0θ(t)− Λ0η(t)∥Q ≤ C

∫ t

0
(∥u(s)− v(s)∥V + ∥σ(s)− τ (s)∥Q)ds,

and, using (3.8), we find that

∥Λ0θ(t)− Λ0η(t)∥Q ≤ C

∫ t

0
∥θ(s)− η(s)∥Xds. (3.20)

We now combine (3.17)–(3.20) to see that

∥Λθ(t)− Λη(t)∥X ≤ C

∫ t

0
∥θ(s)− η(s)∥Xds, (3.21)

which concludes the proof.

Remark 3.1. It follows from the proof of Lemma 3.2 that, besides the operator Λ, the operators Λ0,
Λ1 and Λ2 are history-dependent operators, too. This implies that they are Lipschitz continuous. We
shall use these properties in Section 4 below.

We are now in a position to provide the proof of Theorem 3.1.

Proof. Theorem 3.1 is a direct consequence of Lemmas 3.1, 3.2 and Theorem 2.1.

We end this section with the remark that the fixed point problem of finding a function θ ∈
C([0, T ];X) such that Λθ = θ represents an alternative to Problem PV . Indeed, in various estimates
we present below it will be more convenient to use this fixed point problem instead of the system
(2.28), (2.29).

4 A Convergence Criterion

In this section we provide necessary and sufficient conditions which guarantee the uniform convergence
of an arbitrary sequence {θn} = {(un,σn)} ⊂ C([0, T ];X) to the solution θ = (u,σ) of Problem PV .
To this end we use the symbol “→” to indicate the convergence in various normed spaces that will be
specified, except in the case when these convergences take place in R. All the limits are considered as
n → ∞, even if we do not mention it explicitly. For a sequence {εn} ⊂ R+ which converges to zero we
use the short hand notation 0 ≤ εn → 0 and we denote by d(v,K) the distance between the element
v ∈ V and the set K, in the Hilbertian structure of the space V . Finally, we recall that below in this
section C will represent a generic positive constant which does not depend on n ∈ N and t ∈ [0, T ]
and whose value will change from place to place.

Assume that (2.14)–(2.19) hold and, given a sequence {θn} = {(un,σn)} ⊂ C([0, T ];X), we
consider the following statements.
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(S1) un → u in C([0, T ];V ) and σn → σ in C([0, T ];Q).

(S2) There exists 0 ≤ εn → 0 such that

(a) d(un(t),K) ≤ εn,

(b) (σn(t), ε(v)− ε(un(t)))Q + ⟨Pun(t),v − un(t)⟩

+εn(1 + ∥v − un(t)∥V ) ≥ ⟨f(t),v − un(t)⟩ ∀v ∈ K,

(c)
∥∥∥σn(t)− Eε(un(t))−

∫ t

0
G(σn(s), ε(un(s))) ds− σ0 + Eε(u0)

∥∥∥
Q
≤ εn,

for all n ∈ N and t ∈ [0, T ].

(4.1)

(S3) un − Λ1θn → 0V in C([0, T ];V ) and σn − Λ2θn → 0Q in C([0, T ];Q).

Our result in this section is the following.

Theorem 4.1. Assume (2.14)–(2.19). Then, the statements (S1), (S2) and (S3) are equivalent.

The proof of Theorem 4.1 is based on the following preliminary results.

Lemma 4.1. Assume (2.14)–(2.19) and let {θn} = {(un,σn)} ⊂ C([0, T ];X) be a sequence which
satisfies conditions (4.1)(b),(c). Then, there exists a constant M > 0 which does not depend on n and
t such that

∥θn(t)∥X ≤ M, ∥Λ0θn(t)∥Q ≤ M, ∀n ∈ N, t ∈ [0, T ]. (4.2)

Proof. Let n ∈ N and t ∈ (0, T ]. We take v = 0V in (4.1)(b) and use the equality P0V = 0V ∗

combined with the monotonicity of P to see that

(σn(t), ε(un(t)))Q ≤ εn(1 + ∥un(t)∥V ) + ⟨f(t),un(t)⟩.

Therefore,

(σn(t)− Eε(un(t))− Λ0θn(t), ε(un(t)))Q + (Eε(un(t)) + Λ0θn(t), ε(un(t)))Q

≤ εn(1 + ∥un(t)∥V ) + ⟨f(t),un(t)⟩,

which implies that

(Eε(un(t)), ε(un(t)))Q ≤ ∥σn(t)− Eε(un(t))− Λ0θn(t)∥Q∥un(t)∥V (4.3)

+∥Λ0θn(t)∥Q∥un(t)∥V + εn(1 + ∥un(t)∥V ) + ∥f(t)∥V ∗∥un(t)∥V . (4.4)

We now use assumption (S2)(c) and definition (3.9) to see that

∥σn(t)− Eε(un(t))− Λ0θn(t)∥Q ≤ εn. (4.5)

Next, we combine inequalities (4.3) and (4.5), use assumptions (2.14), the boundedness of the sequence
{εn} and the regularity (2.27) to see that there exists a constant C > 0 such that

∥un(t)∥2V ≤ C(1 + ∥Λ0θn(t)∥Q)∥un(t)∥V + C. (4.6)
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Next, we use the elementary inequality

x2 ≤ ax+ b =⇒ x ≤ a+
√
b ∀x, a, b ∈ [0,∞) (4.7)

to find that
∥un(t)∥V ≤ C∥Λ0θn(t)∥Q + C. (4.8)

On the other hand, inequalities (4.5) and (4.8) yield

∥σn(t)∥Q ≤ C∥Λ0θn(t)∥Q + C. (4.9)

We now add inequalities (4.8), (4.9), use (3.8), the definition (3.9) and the properties (2.15) of the
function G to see that

∥θn(t)∥X ≤ C

∫ t

0
∥θn(s)∥Qds+ C. (4.10)

The inequalities in (4.2) follow now from (4.10), by using the Gronwall argument and inequality
(3.20).

We now provide the proof of Theorem 4.1.

Proof. The proof is carried in three steps, as follows.

Step i) We prove the implication (S1) =⇒ (S2). Assume (S1). Let n ∈ N, t ∈ [0, T ] and v ∈ K.
Then, since u(t) ∈ K it follows that

d(un(t),K) ≤ ∥un(t)− u(t)∥V ≤ δn (4.11)

where, here and below,
δn = ∥un − u∥C([0,T ];V ). (4.12)

On the other hand, (2.28), (2.29) and the definitions (3.4), (3.9) show that

⟨Au(t),v − u(t)⟩+ (Λ0θ(t), ε(v)− ε(u(t)))Q ≥ ⟨f(t),v − u(t)⟩

and, therefore,

⟨Aun(t),v − un(t)⟩+ ⟨Aun(t)−Au(t),un(t)− v⟩+ ⟨Au(t),un(t)− u(t)⟩

+(Λ0θn(t), ε(v)− ε(un(t)))Q + (Λ0θn(t)− Λ0θ(t), ε(un(t))− ε(v))Q

−(Λ0θ(t), ε(u(t))− ε(un(t)))Q + ⟨f(t),u(t)− un(t)⟩ ≥ ⟨f(t),v − un(t)⟩.

Denote by LA and L0 the Lipschitz constants of the operators A and Λ0, respectively, see (3.5)(b) and
Remark 3.1. Then, after some algebra, the previous inequality combined with notation (4.12) yields

⟨Aun(t),v − un(t)⟩+ LAδn∥v − un(t)∥V + δn∥Au(t)∥V ∗ (4.13)

+(Λ0θn(t), ε(v)− ε(un(t)))Q + L0∥θn − θ∥C([0,T ];X)∥v − un(t)∥V

+δn∥Λ0θ(t)∥Q + δn∥f(t)∥V ∗ ≥ ⟨f(t),v − un(t)⟩.

Let D > 0 be a constant which does not depend on n and t such that

∥Au(t)∥V ∗ + ∥Λ0θ(t)∥Q + ∥f(t)∥V ∗ ≤ D (4.14)
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and let
ζn = ∥θn − θ∥C([0,T ];X). (4.15)

We combine (4.13)–(4.15) to find that

⟨Aun(t),v − un(t)⟩+ (Λ0θn(t), ε(v)− ε(un(t)))Q

+(LAδn + L0ζn)∥v − un(t)∥V +Dδn ≥ ⟨f(t),v − un(t)⟩

and, using notation (3.4), we find that

(σn(t), ε(v)− ε(un(t)))Q + ⟨Pun(t),v − un(t)⟩ (4.16)

+(LAδn + L0ζn)∥v − un(t)∥V +Dδn ≥ ⟨f(t),v − un(t)⟩

where
σn(t) = Eε(un(t)) + Λ0θn(t). (4.17)

Next, we use equivalence (3.15) and definition (3.11) to see that

σ(t) = Eε(u(t)) + Λ0θ(t).

Using this equality we write

∥σn(t)− Eε(un(t))− Λ0θn(t)∥Q ≤ ∥σn(t)− σ(t)∥Q

+∥Eε(u(t))− Eε(un(t))∥Q + ∥Λ0θ(t)− Λ0θn(t)∥Q,

and, using assumption (2.14), the Lipschitz continuity of the operator Λ0 and equality (3.8), we find
that

∥σn(t)− Eε(un(t))− Λ0θn(t)∥Q ≤ E∥θn − θ∥C([0,T ];X),

with E > 0 being a constant which does not depend on n and t. Hence, definition (4.15) implies that

∥σn(t)− Eε(un(t))− Λ0θn(t)∥Q ≤ Eζn (4.18)

and, combining this inequality with definition (4.17) yields

∥σn(t)− σn(t)∥Q ≤ Eζn. (4.19)

Finally, writing σn(t) = σn(t)− σn(t) + σn(t) in (4.16) and using inequality (4.19) we deduce that

(σn(t), ε(v)− ε(un(t)))Q + ⟨Pun(t),v − un(t)⟩ (4.20)

+(Eζn + LAδn + L0ζn)∥v − un(t)∥V +Dδn ≥ ⟨f(t),v − un(t)⟩.

Define
εn = max

{
δn, Eζn + LAδn + L0ζn, Dδn

}
,

and note that (4.12), (4.15) and assumption (S1) show that 0 ≤ εn → 0. Moreover, inequalities (4.11),
(4.20), (4.18) and definition (3.9) guarantee that condition (S2) is satisfied.

Step ii) We prove the implication (S2) =⇒ (S3). Assume (S2). Let n ∈ N and t ∈ [0, T ]. Denote

τn(t) = Eε(un(t)) +

∫ t

0
G(σn(s), ε(un(s))) ds+ σ0 − Eε(u0) = Eε(un(t)) + Λ0θn(t), (4.21)
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and note that condition (S2) (c) implies that

∥σn(t)− τn(t)∥Q ≤ εn. (4.22)

On the other hand, using condition (S2) (b) and (4.21) we find that

(σn(t)− τn(t), ε(v)− ε(un(t)))Q

+(Eε(un(t)) + Λ0θn(t), ε(v)− ε(un(t)))Q + ⟨Pun(t),v − un(t)⟩

+εn(1 + ∥v − un(t)∥V ) ≥ ⟨f(t),v − un(t)⟩ ∀v ∈ K.

Then, using inequality (4.22) combined with definition (3.4), we deduce that

⟨Aun(t),v − un(t)⟩+ (Λ0θn(t), ε(v)− ε(un(t)))Q (4.23)

+εn(1 + 2∥v − un(t)∥V ) ≥ ⟨f(t),v − un(t)⟩ ∀v ∈ K.

Let

Λ1θn(t) = ũn(t), Λ2θn(t) = σ̃n(t). (4.24)

Note that definitions (3.10), (3.6), (3.11) and (3.1) imply that

ũn(t) ∈ K, ⟨Aũn(t),v − ũn(t)⟩+ (Λ0θn(t), ε(v)− ε(ũn(t)))Q (4.25)

≥ ⟨f(t),v − ũn(t)⟩ ∀v ∈ K,

σ̃n(t) = Eε(ũn(t)) + Λ0θn(t). (4.26)

We denote vn(t) = PKun(t) and wn(t) = un(t) − PKun(t), where PK : V → K represents the
projection operator on K. We have

un(t) = vn(t) +wn(t), vn(t) ∈ K (4.27)

and, since d(un(t),K) = ∥wn(t)∥V , condition (S2) (a) implies that

∥wn(t)∥X ≤ εn. (4.28)

We now use (4.23) with v = ũn(t), then we take v = vn(t) in (4.25) and add the resulting inequalities
to see that

⟨Aũn(t),vn(t)− ũn(t)⟩+ ⟨Aun(t), ũn(t)− un(t)⟩ (4.29)

+(Λ0θn(t), ε(vn(t))− ε(un(t))Q + εn + 2εn∥ũn(t)− un(t)∥V ≥ ⟨f(t),vn(t)− un(t)⟩.

We now write

⟨Aũn(t),vn(t)− ũn(t)⟩ = ⟨Aũn(t),vn(t)− un(t)⟩+ ⟨Aũn(t),un(t)− ũn(t)⟩,

substitute this identity in (4.29), then use inequality (3.5) (a) and equality (4.27) to find that

mE∥ũn(t)− un(t)∥2V ≤
(
∥Aũn(t)∥V ∗ + ∥Λ0θn(t)∥Q + ∥f(t)∥V ∗

)
∥wn(t)∥V (4.30)

+εn + 2εn∥ũn(t)− un(t)∥V .
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On the other hand (4.24) and the Lipschitz continuity of the operator Λ1, guaranteed by Remark
3.1, show that

∥ũn(t)∥V ≤ C∥θn(t)∥V + C. (4.31)

Next, we use the bounds (4.31), (4.2), (4.28) in (4.30) to deduce that

∥ũn(t)− un(t)∥2V ≤ Cεn + 2εn∥ũn(t)− un(t)∥V ,

with some constant C > 0. Then, inequality (4.7) and the convergence εn → 0 imply that

ũn(t)− un(t) → 0V in C([0, T ];V ). (4.32)

To proceed, we write

∥σn(t)− σ̃n(t)∥Q ≤ ∥σn(t)− τn(t)∥Q + ∥τn(t)− σ̃n(t)∥Q,

then we use inequality (4.22) and equalities (4.21), (4.26) to see that

∥σn(t)− σ̃n(t)∥Q ≤ εn + ∥Eε(un(t))− Eε(ũn(t))∥Q.

Employing now inequality (3.3) together with the convergences (4.32), εn → 0, we deduce that

σ̃n(t)− σn(t) → 0Q in C([0, T ];Q). (4.33)

Finally, we use the definition (4.24) and the convergences (4.32), (4.33) to find that condition (S3) is
satisfied.

Step iii). We prove the implication (S3) =⇒ (S1). Assume (S3) or, equivalently,

θn − Λθn → 0X in C([0, T ];X). (4.34)

Denote by Λk the powers of the operator Λ, for k = 1, 2, . . .. Then, using inequality (3.21), after
some algebraic calculations, we deduce that the operator Λk : C([0, T ];X) → C([0, T ];X) is a Lipschitz

continuous operator with constant Lk = CkTk

k! , that is,

∥Λkξ − Λkη∥C([0,T ];X) ≤ Lk∥ξ − η∥C([0,T ];X) ∀ ξ, η ∈ C([0, T ];X). (4.35)

Next, it is easy to see that

lim
k→∞

CkT k

k!
= 0

and, therefore, inequality (4.35) guarantees that there exists m ∈ N such that Λm is a contraction on
the space C([0, T ];X), i.e.,

Lm < 1. (4.36)

We now use equality Λmθ = θ (guaranteed by equality Λθ = θ) to see that

∥θn − θ∥C([0,T ];X) ≤ ∥θn − Λθn∥C([0,T ];X) + ∥Λθn − Λ2θn∥C([0,T ];X)

+ . . .+ ∥Λm−1θn − Λmθn∥C([0,T ];X) + ∥Λmθn − Λmθ∥C([0,T ];X).

Next, using (4.35) we find that

∥θn − θ∥C([0,T ];X) ≤
(
1 + L1 + L2 + . . .+ Lm−1

)
∥θn − Λθn∥C([0,T ];X) + Lm∥θn − θ∥C([0,T ];X),
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which implies that

(1− Lm)∥θn − θ∥C([0,T ];X) ≤
(
1 + L1 + L2 + . . .+ Lm−1

)
∥θn − Λθn∥C([0,T ];X).

Then, inequality (4.36) yields

∥θn − θ∥C([0,T ];X) ≤
1

1− Lm

(
1 + L1 + L2 + . . .+ Lm−1

)
∥θn − Λθn∥C([0,T ];X).

Finally, we use the convergence (4.34) to see that θn → θ in C([0, T ];X) and, therefore, the statement
(S1) holds.

Remark 4.1. Theorem 4.1 shows that a sequence {θn} = {(un,σn)} ⊂ C([0, T ];X) converges uni-
formly to the solution θ = (u,σ) of Problem PV if and only if it satisfies condition (S2). It turns out
from here that this condition represents a criterion of convergence to the solution of Problem PV .

We now provide an application of Theorem 3.1. To this end, we keep assumption (2.14)–(2.19)
and, for each n ∈ N we consider a function fn ∈ C([0, T ];V ∗) as well a constant gn such that

fn ∈ C([0, T ];V ∗), (4.37)

gn > 0. (4.38)

We denote by Kn the set defined by

Kn = {v ∈ V : vν ≤ gn a.e. on Γ3 } (4.39)

and consider the following variational problem.

Problem Pn
V . Find a displacement field un : [0, T ] → Kn and a stress field σn : [0, T ] → Q such that

(σn(t), ε(v)− ε(un(t)))Q + ⟨Pun(t),v − un(t)⟩ ≥ ⟨fn(t),v − un(t)⟩ ∀v ∈ Kn, (4.40)

σn(t) = Eε(un(t)) +

∫ t

0
G(σn(s), ε(un(s))) ds+ σ0 − Eε(u0), (4.41)

for all t ∈ [0, T ].

It follows from Theorem 3.1 that Problem Pn
V has a unique solution with regularity un ∈ C([0, T ];Kn),

σn ∈ C([0, T ];Q). Assume now that the following convergences hold:

fn → f in C([0, T ];V ∗), (4.42)

gn → g. (4.43)

The link between the solutions of Problems PV and Pn
V is given by the following result.

Theorem 4.2. Assume (2.14)–(2.19), (4.37), (4.38), (4.42) and (4.43). Then,

un → u in C([0, T ];V ), σn → σ in C([0, T ];Q). (4.44)

The proof of Theorem 4.2 requires some preliminary results. We assume in what follows that
(2.14)–(2.19), (4.37), (4.38), hold and denote by Fn : V ∗ → Kn the map defined by

z = Fnω ⇐⇒ z ∈ Kn, ⟨Az,v − z⟩ ≥ ⟨ω,v − z⟩ ∀v ∈ Kn, (4.45)

for any ω ∈ V ∗. We have the following result.
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Lemma 4.2. Let {ωn} ⊂ V ∗ be a bounded sequence, {gn} ⊂ R a sequence such that gn ≥ m0 for all
n ∈ N with some m0 > 0, g > 0, and let ω ∈ V ∗. There exists a constant C which does not depend on
n ∈ N and such that

∥Fnωn −Fω∥V ≤ C(∥ωn − ω∥V ∗ +
√

|gn − g|). (4.46)

Proof. Let ωn, ω ∈ V ∗, n ∈ N and denote Fnωn = zn, Fω = z. We use (3.6) and (4.45) to see that

⟨Azn,v − zn⟩ ≥ ⟨ωn,v − zn⟩ ∀v ∈ Kn, (4.47)

⟨Az,v − z⟩ ≥ ⟨ω,v − z⟩ ∀v ∈ K. (4.48)

Then, taking v = 0V in (4.47) and using inequality (3.5) (a) together with equality A0V = 0V ∗ , we
find that

mE∥zn∥2V ≤ ⟨ωn, zn⟩ ≤ ∥ωn∥V ∗∥zn∥V ,

which shows that the sequence {zn} ⊂ V ∗ is bounded in V . Denote

αn =
gn
g

, βn =
g

gn
, (4.49)

and note that αnz ∈ Kn, βnzn ∈ K. We take v = αnz in (4.47) and v = βnzn in (4.48), then we add
the resulting inequalities to see that

⟨Azn, αnz − zn⟩+ ⟨Az, βnzn − z⟩ ≥ ⟨ωn, αnz − zn⟩+ ⟨ω, βnzn − z⟩.

We now write αnz = z + (αn − 1)z, βnzn = zn + (βn − 1)zn to find that

⟨Azn −Az, zn − z⟩ ≤ (αn − 1)
[
⟨Azn, z⟩ − ⟨ωn, z⟩

]
+(βn − 1)

[
⟨Az, zn⟩ − ⟨ω, zn⟩

]
+ ⟨ωn − ω, zn − z⟩.

Then, using the boundedness of the sequences {zn} ⊂ V , {ωn} ⊂ V ∗ and the properties of A, we find
that there exists a positive constant C which does not depend on n such that

∥zn − z∥2V ≤ C∥ωn − ω∥V ∗∥zn − z∥V + C(|αn − 1|+ |βn − 1|).

We now use inequality (4.7) to find that

∥zn − z∥V ≤ C∥ωn − ω∥V ∗ +
√

C(|αn − 1|+ |βn − 1|). (4.50)

Moreover, equalities (4.49) combined with inequality gn ≥ m0 show that

|αn − 1|+ |βn − 1| ≤ C|gn − g|. (4.51)

Finally, we combine inequalities (4.50) and (4.51) to see that (4.46) holds.

We now provide the proof of Theorem 4.2.

Proof. Let n ∈ N and t ∈ [0, T ]. It follows from the proof of Theorem 3.1 that the solution of Problem
Pn

V satisfies the equalities

un(t) = Fn(fn(t)− ε∗Λ0θn(t)), σn(t) = Eε(un(t)) + Λ0θn(t) (4.52)
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where, recall, the operator Λ0 is given by (3.9). Then, using (3.10) and (4.46) we deduce that

∥un(t)− Λ1θn(t)∥V ≤ C(∥fn(t)− f(t)∥V ∗ +
√
|gn − g|). (4.53)

On the other hand, using (4.52), (3.11) and (3.3) we see that

∥σn(t)− Λ2θn(t)∥Q = ∥Eε(un(t))− Eε(Λ1θn(t))∥Q ≤ ME∥un(t)− Λ1θn(t)∥V

and, therefore, (4.53) implies that

∥σn(t)− Λ2θn(t)∥Q ≤ C(∥fn(t)− f(t)∥V ∗ +
√

|gn − g|). (4.54)

Finally, we use the convergences (4.42) and (4.43) in (4.53) and (4.54) to deduce that the sequence
{θn} = {(un,σn)}} satisfies condition (S3). Theorem 4.2 is now a consequence of Theorem 4.1.

We end this section with the remark that, besides the mathematical interest in the convergence
result (4.44), it is interesting from the mechanical point of view, since it shows that the weak solution
of the contact problem P depends continuously on the density of the applied forces and the thickness
of the deformable layer.

5 Well-Posedness Results

The well-posedness concepts of a nonlinear problem depend on the problem considered, vary from
author to author, and even from paper to paper. Nevertheless, most of them are based on two
main ingredients: the existence and uniqueness of the solution to the corresponding problem and the
convergence to it of a special class of sequences, the so-called approximating sequences. In this section,
we introduce two well-posedness concepts in the study of Problem PV and, to this end, we start with
the following definition.

Definition 5.1. 1) A sequence {θn} = {(un,σn)} ⊂ C([0, T ];X) is said to be a T 1-approximating
sequence if there exists 0 ≤ εn → 0 such that

(a) un(t) ∈ K,

(b) (σn(t), ε(v)− ε(un(t)))Q + ⟨Pun(t),v − un(t)⟩

+εn∥v − un(t)∥V ≥ ⟨f(t),v − un(t)⟩ ∀v ∈ K,

(c)
∥∥∥σn(t)− Eε(un(t))−

∫ t

0
G(σn(s), ε(un(s))) ds− σ0 + Eε(u0)

∥∥∥
Q
≤ εn,

(5.1)

for all n ∈ N and t ∈ [0, T ].

2) A sequence {θn} = {(un,σn)} ⊂ C([0, T ];X) is said to be a T 2-approximating sequence if there
exists 0 ≤ εn → 0 such that (4.1) holds, that is, it satisfies condition (S2).

3) Problem PV is said to be T i-well-posed (i = 1, 2) if it has a unique solution θ ∈ C([0, T ];X)
and every T i-approximating sequence converges in C([0, T ];X) to θ.

We now introduce the following notation, for i = 1, 2:

S =
{
{θn} ⊂ C([0, T ];X) : θn → θ in C([0, T ];X)

}
,

Si =
{
{θn} ⊂ C([0, T ];X) : {θn} is a T i-approximating sequence

}
.

Our main result in this section is the following.
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Theorem 5.1. Assume (2.14)–(2.19). Then, Problem PV is T 1- and T 2-well-posed.

Proof. First, we use Theorem 3.1 to see that Problem PV has a unique solution. Next, we use
Definition 5.1 2) and Theorem 4.1 to see that S2 = S which implies that S2 ⊂ S. Therefore,
Definition 5.1 3) guarantees that Problem PV is T 2-well-posed. Finally, Definition 5.1 1) shows that
S1 ⊂ S2 and, since S2 = S, we obtain that S1 ⊂ S. We conclude from here that Problem PV is
T 1-well-posed, too.

A direct consequence of Theorem 5.1 is the following convergence result, which represents a par-
ticular case of Theorem 4.2.

Corollary 5.1. Assume (2.14)–(2.19), (4.37), (4.42) and, moreover, assume that gn = g, for each
n ∈ N. Then, the convergence (4.44) holds where, recall, (un,σn), (u,σ) represent the solutions of
Problems Pn

V and PV , respectively.

Proof. Let n ∈ N and t ∈ [0, T ]. Since gn = g, we deduce from (4.39) that Kn = K and, therefore,
(4.40) implies that

(σn(t), ε(v)− ε(un(t)))Q + ⟨Pun(t),v − un(t)⟩ ≥ ⟨fn(t),v − un(t)⟩ ∀v ∈ K.

Hence,

(σn(t), ε(v)− ε(un(t)))Q + ⟨Pun(t),v − un(t)⟩

+⟨f(t)− fn(t),v − un(t)⟩ ≥ ⟨f(t),v − un(t)⟩ ∀v ∈ K

and, moreover,

(σn(t), ε(v)− ε(un(t)))Q + ⟨Pun(t),v − un(t)⟩ (5.2)

+∥fn − f∥C([0,T ];V ∗)∥v − un(t)∥X ≥ ⟨f(t),v − un(t)⟩ ∀v ∈ K.

Inequality (5.2) combined with equality (4.41) and inclusion un(t) ∈ K show that conditions (5.1)
hold with εn = ∥fn − f∥C([0;T ]);V ∗ . Therefore, the convergence (4.42) implies that the sequence
{θn} = {(un,σn)} ⊂ C([0, T ];X) a T 1-approximating sequence. The convergence (4.44) is now a
direct consequence of the inclusion S1 ⊂ S, guaranteed by Theorem 5.1.

We turn now to the inclusion S1 ⊂ S2 used in the proof of Theorem 5.1. The one-dimensional
example below shows that this inclusion is strict, i.e., S2 ̸= S1.

Example 5.1. Consider Problem P in the particular case when d = 1, Ω = (0, 1), Γ1 = {0}, Γ2 = ∅,
Γ3 = {1}, E = 1, G(σ, ε) = −ε for all ε ∈ R, f0(x) = f for all x ∈ [0, 1], g > 0, p(r) = 0 for all r ∈ R,
σ0(x) = f(1 − x), u0(x) = f

(
x − x2

2

)
for each x ∈ [0, 1], where f > 0 is a given constant. Note that

in this particular case ε(u) = u′, where the prime represents the derivative with respect to the spatial
variable x. Moreover,

V = { v ∈ H1(0, 1) : v(0) = 0}, Q = L2(0, 1),

K = { v ∈ H1(0, 1) : v(0) = 0, v(1) ≤ g },

and recall that

(σ, τ)Q =

∫ 1

0
στ dx ∀σ, τ ∈ Q.
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Then, using (2.28), (2.29), (2.25) and (2.24) it is easy to see that Problem PV can be formulated
as follows.

Problem P̃V . Find a couple of functions u : [0, T ] → V , σ : [0, T ] → Q such that, for all t ∈ [0, T ],
the following holds:

σ(t) = u′(t)−
∫ t

0
u′(s) ds ∀ t ∈ [0, T ], (5.3)

u(t) ∈ K,

∫ 1

0
σ(t)(v′ − u′(t))dx ≥

∫ 1

0
f(v − u(t))dx ∀ v ∈ K. (5.4)

Now, for each n ∈ N, we consider the problem (5.3), (5.4) with the data fn and gn. This problem
can be formulated as follows.

Problem P̃
n

V . Find a couple of functions un : [0, T ] → V , σn : [0, T ] → Q such that, for all t ∈ [0, T ],
the following holds:

σn(t) = u′n(t)−
∫ t

0
u′n(s) ds ∀ t ∈ [0, T ], (5.5)

un(t) ∈ Kn,

∫ 1

0
σn(t)(v

′ − u′n(t))dx ≥
∫ 1

0
fn(v − un(t))dx ∀ v ∈ Kn. (5.6)

Here, Kn = { v ∈ H1(0, 1) : v(0) = 0, v(1) ≤ gn }.
Assume now T = ln 2g

f , fn = f+ 1
n and gn = g

(
1+ 1

fn

)
. Then, it is easy to check that the solution

of Problem P̃V is given by

u(x, t) = f
(
x− x2

2

)
et, σ(x, t) = f(1− x) ∀x ∈ [0, 1], t ∈ [0, T ]. (5.7)

Moreover, the solution of Problem P̃
n

V is given by

un(x, t) =
(
f +

1

n

)(
x− x2

2

)
et, σn(x, t) =

(
f +

1

n

)
(1− x) ∀x ∈ [0, 1], t ∈ [0, T ]. (5.8)

This implies that

un(1, T ) =
1

2

(
f +

1

n

)
eT =

1

2

(
f +

1

n

)2g
f

= g
(
1 +

1

fn

)
> g,

for each n ∈ N.
We conclude from here that un(T ) ̸∈ K for each n ∈ N, which shows that the sequence {θn} =

{(un, σn)} is not a T 1-approximating sequence for Problem P̃V . Nevertheless, it is easy to see that

un → u in C([0, T ];V ) and σn → σ in C([0, T ];Q), (5.9)

which validate the convergence result in Theorem 4.2 and, moreover, it shows that the sequence {θn} =
{(un, σn)} is a T 2-approximating sequence for Problem P̃V . Note that the convergence (5.9) cannot
be obtained invoking the T 1-well-posed of Problem P̃V . We conclude from here that the concept of
T 2-well-posedness is stronger than concept of T 1-well-posedness.

We end this section with the following comments on the equality S2 = S above.
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Remark 5.1. We claim that among all the concepts which make Problem PV well-posed, the T 2-well-
posedness concept in Definition 5.1 is optimal, in the sense that it uses the largest set of approximating
sequences. Indeed, consider a different well-posedness concept, say the T -well-posedness concept, de-
fined by a set of T -approximating sequences, denoted by ST . Then, if Problem PV is T -well-posed we
have ST ⊂ S, by definition. Now, since S2 = S, we deduce that ST ⊂ S2, which justifies our claim. In
particular, the T 2-well-posedness concept in Definition 5.1 is better than the T 1-well-posedness concept
in Definition 5.1.
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[9] I. Hlaváček, J. Haslinger, J. Necǎs and J. Lov́ı̌sek, Solution of Variational Inequalities in Mechanics. Springer-
Verlag, New York, 1988.

[10] X. X. Huang and X. Q. Yang, Generalized Levitin-Polyak well-posedness in constrained optimization. SIAM
J. Optim. 17 (2006), 243–258. DOI: 10.1137/040614943

[11] N. Kikuchi and J. T. Oden, Contact Problems in Elasticity: A Study of Variational Inequalities and Finite
Element Methods. SIAM, Philadelphia, 1988.

[12] T. Laursen, Computational Contact and Impact Mechanics. Springer, Netherlands, 2002.
[13] E. S. Levitin and B. T. Polyak, Convergence of minimizing sequences in conditional extremum problem.

Soviet Math. Dokl. 7 (1966), 764–767.
[14] R. Lucchetti, Convexity and Well-posed Problems. CMS Books in Mathematics, Springer-Verlag, New

York, 2006.
[15] R. Lucchetti and F. Patrone, A characterization of Tychonov well-posedness for minimum problems

with applications to variational inequalities. Numer. Funct. Anal. Optim. 3 (1981), 461–476. DOI:
10.1080/01630568108816100

[16] R. Lucchetti and F. Patrone, Some properties of “well-posedness” variational inequalities governed by
linear operators. Numer. Funct. Anal. Optim. 5 (1983), 349–361. DOI: 10.1080/01630568308816145

[17] A. Ochal, M. Jureczka and P. Bartman, A survey of numerical methods for hemivariational inequalities
with applications to contact mechanics. Commun. Nonlinear Sci. Numer. Simul. 114 (2022), 106563. DOI:
10.48550/arXiv.2103.14518

[18] P. D. Panagiotopoulos, Inequality Problems in Mechanics and Applications. Birkhäuser, Boston, 1985.
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