https://doi.org/10.65135/atsf.2026.19 and SPECIAL FUNCTIONS

Approx. Theory Spec. Funct. 2(2) (2026) 14-42 i APPROXIMATION THEORY
https://atsf.com.tr [ISSN: 3108-5083 (Online)]

RESEARCH ARTICLE

Infinitely Many Specific Multicomposite Deterministic and Fuzzy
Trigonometric and Hyperbolic Neural Network Approximations

George A. Anastassiou

University of Memphis, Department of Mathematical Sciences,
Memphis, TN 38152, USA

Abstract: In this article we study in detail the multicomposite deterministic and fuzzy approximation to
the unit by infinitely many multicomposite deterministic and fuzzy neural network operators activated by
specific multicomposite sigmoid functions. The derived main results generalize earlier related trigonometric and
hyperbolic complex valued ones into the deterministic and fuzzy levels. Here the high order multicomposite
deterministic and fuzzy pointwise and uniform convergences with rates to the unit operator are given via
multicomposite deterministic and fuzzy Jackson type inequalities, respectively. These involve the corresponding
moduli of continuity of the mth order (m > 0) derivatives and H-fuzzy derivatives of the involved deterministic
and fuzzy number valued functions, respectively. The treated operators are of averaged type. The derived
results are univariate and multivariate.
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1 Introduction

Activation in Fuzzy Neural Networks

Fuzziness in neural networks refers to integrating fuzzy logic with artificial neural networks (ANNSs)
to handle uncertainty, imprecision, and vague data, enhancing both interpretability and learning
capabilities. These hybrid models (neuro-fuzzy systems) use membership functions instead of crisp,
binary inputs to represent human-like reasoning, allowing networks to process intermediate truth
states rather than strict "true or false” values.

Key Features of Fuzzy Neural Networks

e Fuzzy Components: Fuzziness is implemented by defining neural weights, biases, or inputs as
fuzzy sets (e.g., Low, Medium, High) rather than precise numbers.

e Structure: They typically include a fuzzification layer (input processing), a rule-based hidden
layer (fuzzy inference), and a defuzzification layer (turning fuzzy results into a crisp output).
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e Hybrid Strengths: The system combines the learning, adaptation, and pattern recognition
capabilities of neural networks with the human-like interpretability of fuzzy systems.

¢ Reduced Complexity: Some studies indicate that fuzzy networks can achieve high-quality
results with smaller network architectures, aiding efficiency.

Applications and Benefits
Fuzzy NNs are ideal for systems where precise mathematical models are difficult to define.

e Expert Systems & Control: Used in modeling human decision-making and control systems.
e Classification & Pattern recognition: Capable of handling vague data, enhancing accuracy.

e Interpretable Modeling: Unlike ”black-box” neural networks, these provide insights into how
decisions are made.

While some consider traditional fuzzy logic less favored by modern industry compared to pure
deep learning, fuzzy neural networks remain valuable for tasks requiring both high adaptability and
explainable AL

Multiactivation in Fuzzy Neural Networks

Fuzziness in multi-composite activation neural networks refers to the integration of fuzzy logic
principles - which handle ambiguity and continuous, uncertain, or linguistic data - with traditional
deep neural networks that use multiple, combined, or non-traditional activation functions to en-
hance learning, interpretability, and robustness. These networks are frequently referred to as hybrid
fuzzy-neural networks or neuro-fuzzy systems.

Core Concepts of Fuzziness in Networks

e Fuzzy Membership Functions: Instead of relying on crisp (1 or 0) inputs, these networks
use membership functions - such as Gaussian, S-shaped, or Z-shaped - to convert numerical data
into a range, representing degrees of truth (e.g., ”slow”, "medium”, ”fast”).

e Fuzzy Rule Integration: The hidden layers of these networks are often designed to implement
fuzzy IF-THEN rules, allowing the systems to learn interpretable, human-readable logic while
maintaining the adaptive power of neural networks.

e Handling Uncertainty: By utilizing fuzzy set membership, these models handle indistinct
boundaries, noise, and overlapping classes better than conventional neural networks, making
them effective for image processing or complex control systems with ambiguous data.

Multi-Composite Activation Features

e Beyond ReLU: While standard networks use ReLLU, multi-composite activation networks often
combine different functions (e.g., Sigmoid, Tanh, Leaky ReLU) in different layers or within the
same neuron ensemble to capture diverse nonlinear relationships.

e Overcoming ”"Dead Neurons”: The use of LeakyReLU as part of the composition helps
alleviate the ”dying ReLU” problem by allowing a small, non-zero gradient slope for negative
inputs, keeping neurons active during training.
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e Fuzzy-guided Learning: Fuzziness is used as a guidance mechanism, where a ”fuzzy branch”
provides supplementary information to multi-granular feature extraction modules, allowing the
network to focus on essential features while ignoring noise.

Applications and Performance Benefits

e Image Segmentation & Classification: Fuzzy CNNs can better classify images with blurry bound-
aries by assigning pixels a degree of membership, reducing noise interference.

e JoT & Fault Detection: Fuzzy-CNN models have demonstrated superior accuracy in predict-
ing mechanical faults, even in the presence of noise, by consolidating data through fuzzification
layers.

e Faster Convergence: Fuzzy-neural networks with Ordered Fuzzy Numbers (OFN) or Type-2
fuzzy sets can lead to faster training and fewer required neurons to achieve the same accuracy
as traditional networks, making them ideal for IoT devices.

¢ Robust Control Systems: These networks are used in intelligent controllers, such as those in
vehicle braking systems, to manage nonlinear, uncertain dynamics.

Key Components of a Fuzzy System

1. Fuzzification Layer: Converts input data into fuzzy sets (using membership functions).
2. Fuzzy Rule Computation Layer: Processes rules (AND/OR operations) using fuzzy logic.

3. Defuzzification Layer: Translates the fuzzy output back into a precise numerical (crisp) value.

These networks are generally more interpretable than deep networks, as the internal rules can be
translated into linguistic ”if-then” descriptions.

In Section 2 we provide the necessary basic fuzzy background, in Section 3 we describe the essentials
of deterministic multicomposite univariate and multivariate neural networks. Our main multicompos-
ite univariate and multivariate deterministic convergence results come in Section 4. The corresponding
main fuzzy results are contained in Section 5. This work is supported greatly by our monographs [1-5].
Interesting related research the reader can find in [6], [7-16].

2 Fuzzy Real Analysis Essentials

See also [2, Ch. 21, pp. 466-473]. We need the following background
Definition 2.1. (see [17]) Let p: R — [0, 1] with the following properties
(1) is normal, i.e., 3 xo € R; p(xo) = 1.
(17) pAx+ (1 —=XN)y) >min{u(x),pu(y)}, Ve,y e R,V X e [0,1] (1 is called a convez fuzzy subset).

(13i) p is upper semicontinuous on R, i.e. ¥V xg € R and V € > 0, 3 neighborhood V (x¢) : p(z) <
p(xo) +e, VeV (xg).

(iv) The set supp (u) is compact in R, (where supp () :=={z € R: p(x) > 0} ).

We call o a fuzzy real number. Denote the set of all p with Rx. E.g. X(z,3 € RF, for any zo € R,
where X () s the characteristic function at xo.
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For 0 <r <1 and u € Rr define

W= {o €R:pu(a) > 1)

and

W) :={z eR: p(z) > 0}.

Then it is well known that for each r € [0,1], [¢]" is a closed and bounded interval on R (see [18]).
For u,v € Ry and A € R, we define uniquely the sum u ® v and the product A ® u by

wedv] =" +P", Nou"=A[u]", Vrelo,1],

where [u]” + [v]" means the usual addition of two intervals (as subsets of R) and A [u]” means the usual
product between a scalar and a subset of R (see, e.g. [17]).
Notice 1 ® v = u and it holds

UPV=vPuU, AQuUu=u® A

If0<r; <ry <1 then
[u]™ C [u]™ .

Actually [u]" = [u(_r),ugf)}, where 1" < uS:), u(_r), ugf) eR,Vrel01l].

For A > 0 one has )\ug) =0 u)g), respectively.
Define D : Rr X Rr — Rx by
D (u,v) := sup max{‘u(_r) —
ref0,1]

g = ofp

} : (2.1)
where
[v]" = [UY),U_(:)} ; u,v € Ry,

We have that D is a metric on Rr.
Then (Rz, D) is a complete metric space, see [17, 19].
Let f,g: W CR™ — Rr. We define the distance

D*(f,g9) = fgv%D (f(z),g(z)).

Denote 0 := x) € Rr.

Remark 2.1. We determine and use

D* (f,0) = sup D (f (z),0) = sup sup max{‘f@ ()
zeW xGW’I’E[O,l]

70 @)|}-

)

By the principle of iterated suprema we find that

D*(f,0) = sup max{Hfﬁr)

rel0,1]

e

OO} , (2.2)

under the assumption D* (f,0) < oo, that is f is a fuzzy bounded function. Above |||, is the supremum
norm of the function over W C R™.

Here X* stands for fuzzy summation and 0 is the neutral element with respect to @, i.e.,

u@ﬁzﬁ@u:u, VueRyr.
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Definition 2.2. Let f € C (W), W C R™, m € N, which is bounded or uniformly continuous, we
define (h > 0)
wi (f,h) = sup [f (x) = f )l

zyeW, [le—yll,<h
where © = (X1, .oy Tm), Y = (Y1y ooy Ym) -

Definition 2.3. Let f: W — R , W CR™, we define the fuzzy modulus of continuity of f by

) (f,h) = sup D(f(@),f(y), h>0.
z,yeW, |lz—yll o <h

where © = (X1, ..., Tm), Y= (Y1, -y Ym) -

For f: W — Rzr, W C R™, we use
= [0 10],

where fj(!) W =R, Vrel0,1].
We need
Proposition 2.1. ([1, p. 246]) Let f : W — Rz. Assume that wi (f,9), w1 (fg”,é), w1 (ffp,é) are
finite for any 6 > 0, r € [0,1]. Then
w%f) (f,6) = sup max {wl (fy),é) , w1 (fJ(rr),(S)} . (2.3)

rel0,1]

We denote by Cg (W) the space of fuzzy uniformly continuous functions from W — Ry, also
Cr (W) is the space of fuzzy continuous functions on W C R, and C (W, Rx) is the fuzzy continuous
and bounded functions.

We mention

Proposition 2.2. ([1, Ch. 10]) Let f € C% (W), where W C R™ is conver. Then wgf) (f,0) < oo,
for any 6 > 0.

Proposition 2.3. ([1, Ch. 10]) It holds

. F F
limw;”™ (£,6) = wi™ (£,0) =0,

iff fe Cg (W), W C R™, where W is convex and compact.

Proposition 2.4. ([1, Ch. 10]) Let f € Cr (W), W CR™ open or compact. Then fj(:) are equicon-
tinuous with respect to r € [0, 1] over W, respectively in =+.

Note 2.1. It is clear by Propositions 2.1 and 2.3, that if f € C% (W), then fj(:) € Cy (W) (uniformly

continuous on W). Also if f € Cg (W,Ryx), it implies by (2.2) that fj(tr) € Cg (W) (continuous and
bounded functions on W).

We need

Definition 2.4. Let x,y € Rr. If there exists z € Rr : x = y @ 2, then we call z the H-difference on
x and y, denoted x — .
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Definition 2.5. ([17, 20]) Let T' := [zo,z0+ 8] C R, with B > 0. A function f : T — Ry is
H-differentiable at x € T if there exists an f'(x) € Rr such that the limits (with respect to D)

o LEED = F@) @) = @ h)

h—0+ h h—0+ h

exist and are equal to f' (z). We call f' the H-derivative or fuzzy derivative of f at x.

Above is assumed that the H-differences f(z+h) — f(x), f(z) — f(x —h) exist in Rf in a
neighborhood of z.

Definition 2.6. We denote by Cé_—v* (W), N* € N, the space of all N*-times fuzzy continuously
differentiable functions from W into Ry, W C R™ open or compact which is convex.

Here fuzzy partial derivatives are defined via Definition 2.5 in the obvious way as in the ordinary
real case. We mention

Theorem 2.1. ([21]) Let f : [a,b] C R — Rx be H-fuzzy differentiable. Let t € [a,b], 0 < r < 1.
Clearly

[f (1)) = [f (" ,f(t)ﬂf)} CR.

Then (f (t))(ir) are differentiable and

(MY = (1), vreloa] (2.4)

Remark 2.2. (see also [1, Ch. 11]) Let f € CN" ([a,b] ,Rx), N* > 1. Then by Theorem 2.1 we obtain

e N ([a,b]) and | |
0] = [(r0)" (r00)"],

fori=0,1,2,...., N*, and in particular we have

(f(i))(r) _ (Jcir))(i) } (2.5)

for any r € [0,1].

Let [ € C']_-* (W), W C R™, open or compact, which is convex, denote fz := g%{, where o =

(@1, ey i), @ €ZT, i =1,...;m and

m
0<lal:=) a <N, N >1
=1

Then by Theorem 2.1 we get that
(f:(i:r)>& = (fa)g) , Vre [07 1] )

and any @ : || < N*. Here fff) e CNT(W).
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Notation 2.1. We denote

2o Y 02 (w1,03) = 62 (w1,2) ~ 02f (w1,2) ~
(;D (6%,0>> f(Z):=D <8x%,0> +D ((%3,0) +2D (8:1:18:@’0> .

In general we denote (j =1,...,N*)

m J . -
o ~ 7! I f(x1y ey Tim) ~
D(=—,0 ) = 2 D AhSat Y0l
(; (&ri >> F (&) Z m J1lgel e gm! <3x]118x%2...8x%”

(J1yesdm ) €L 37T 1 Ji=]

3 Foundations of Multicomposite Univariate and
Multivariate Neural Networks

Definition 3.1. ([4, p. 530]) The general sigmoid activation functions we deal with here are described

as follows h : R — [—1,1], strictly increasing h (0) = 0, h(—x) = —h(z), z € R, h(+0) = 1,
h(—o00) = —1. Also h is strictly convex over (—o0,0] and strictly concave over [0,400), with h(?) €
C(R).

More precisely we will deal with the following sigmoid activation functions which possess all of the
above properties: the algebraic activation function,

X

n =

(see [3, pp. 2-3]); the normalized and parametrized arctangent

meN, zeR,

2 dz

() = 2 arct (xx) /ﬁ; ER,A>0
r) = —arctan { -—Ar ) = — e X
92 T 2 T Jo 1427 ’ ’

(see [4, pp. 156-157]); the normalized and parametrized Gudermannian function

AL

g5 (2) = %gd()\x) _ %arctan (tanh <2>>

2 (A dt 4 (AT dt
:/ :/ —, 2 €R, A >0,
7 Jo cosht 7w ), e+et

Todt
gd(x) = /0 i 2 arctan (tanh (g)) , VzekR,

where

is the Gudermannian function (see [4, pp. 198-199]); the parametrized error function

2 [
g4(x):erf)\x:/ e Vdt, xR, \>0,
VT Jo

(see [4, pp. 226-227]); the parametrized hyperbolic tangent function

6)\50 _ e—)\x 62)\1‘ -1 1— —2\z

e
gs (;p) = tanh \z = Y T e— AT = e2 +1 - 1+ g2z’

x>0, A>0,
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(see [4, p. 72]); for small 0 < A < 1, tanh Az is expected to behave better than ReLu and Leaky ReLu
activation functions; the parametrized hyperbolic tangent like activation function,

A)\x _ Af)\x

:m, A>1,)\>0,$6R

g6 (7)

(see [4, pp. 262-263]); finally, the S-parametrized half hyperbolic tangent function

(see [4, pp. 509-510]). So, we denote them by g; (z), z € R, i = 1,2,...,7. Here we deal with
the specific sequences of activation functions (hl(q)), q € N, 7 € N, such that all B e g =

i
{91, 92, 93, 94, 95, g6, g7} - That is hgq) for different i € N could)be identical, ¢ € N.

Therefore in the sequences of activation functions hgq), h(Qq , ..., we allow random repetitions. Thus

any two random hl(-Q) activation functions are not necessarily different, but all belong to G. Call
H(q) — {th) h(‘l)

, hy ,...}, qg € N, and by Q := {H(q), all g € N}. For simplicity next we can consider
such a sequence {hq, ho, ...} .

Notice here 0 < h; (1) < 1, i = 1,2,.... Any composition hj o hg o hz o ... o hy is meant to be
hil—1,1) © P21, © hslj=1,1 © -+ © ha—1]=1,1) © ha, A € N, and for convenience, we denote it by G :=
hiohgyohso.. ohy Wehave for any A € N:0 < hy (1) <1, hence 0 < hy—1 (hy (1)) < hy—1 (1) <1,
and 0 < hy—2 (ha—1 (ha (1)) < ha—2 (ha—1 (1)) < hy—2 (1) < 1.

Inductively we derive that 0 < G (1) < 1, V A € N. Clearly, it is Gy (0) = 0 and G, is strictly
increasing over R. Furthermore it holds

hg(h3(' - h/\fl(h)\(_x» e ))

ha (hs(' “hy_1(=ha(z)) - - ))

)
)

Il
>
=
/N N

— _h <h2(h3(. o (ha(2) - )))
= —G\(x), z e R.
Clearly it holds G2 € C (R). We notice that
G (+00) = hy (ha (h (... (ha=1 (R (+00)))))) = h1 (ha (h (... (ha=1 (1))))) = Ga-1 (1),
and
Ga(=00) = b (ha (hs - haca (ha(=¢) ) )
— (hQ(h:.)(...hA_l(fl) ))>
— _h (hz(h3(~ (1) )))
— Gy (1)

Consequently, it holds
—Gr1(1) <Gy (7)) <GA1 (1), VzeR

Thus, y = £G_1 (1) are asymptotes of G (z), any A € N.
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Next we act over (—o0,0] : let \,u > 0: A+ = 1. Then by convexity of hy there we have
ha (A + py) < Aho () + phe (y), ¥ 2,y € (—00,0];
and
hi (hy Az + py)) < by (Ahg (2) + pha (y)) < A(hy o he) (@) + p(hy o ha) (y), Vo, y € (—00,0].

So that hj o hg is convex over (—oo,0]. Now we work on [0,+00) : let A\,x > 0: A+ p = 1. Then by
concavity of ho there we have

ha (A\x + py) > Ahg () + pha (y), ¥ @,y € [0, +00);
and
hi (he (Az + py)) = hy (Ahe (x) + phe (y)) > A(h1 o hg) (z) + p(h1oh2) (y), Va, y € [0,+00).

Thus, hi o hg is concave over [0, +00). Therefore Gy = hj o hg is a general sigmoid activation function
with asymptotes y = £h; (1), and fulfilling the rest of conditions of Definition 3.1.

Arguing as above hg o h3 : R — [—1, 1], fulfills Definition 3.1, and hj o hg o h3 does the same with
asymptotes h = £h (ha (1)). Inductively, we prove that G, fulfills Definition 3.1 with asymptotes
y = +£Gx_1 (1). We have established the following:

Theorem 3.1. Let g, A € N. Then Gg\q) = hg‘” o hgq) o th) 0..o0 hg\q) fulfill all the properties of

Definition 3.1 with asymptotes y = :i:Ggq_)1 (1). That is Gg\q) are multi-composite general sigmoid
actiwation functions from R — [—1,1].

(9)
Corollary 3.1. Gg%(l) fulfill Definition 3.1 with asymptotes y = +1.
A—1

We call @
g . _Gx
G? (1)

Remark 3.1. Next we consider the functions

T\ () = i (é&‘” (@+1) -G (2 — 1)) >0, VzeR, ¢, \eN.
We observe that
() = 1 (G (o +1) - GV (-x — 1))
= 1 (E (1) - G (@ + 1))
=1 (-89 -1+ 0@ + 1)
=1 (@96 +1) -3 - 1)
= T\ (z).

That is T/Sq) are even functions,

T () =T\? (x), Vo eR, g AeN.
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We see that

Let x > 1, we have that

1
T\ (z) = -

; (a(;w (@+1) = G\ (2 — 1)) <0,

by éf\qy being strictly decreasing over [0, +00). Let now 0 < x < 1, then1—z >0 and0 < 1—z < 1+4=z.
It holds ég\q)/ (x—1) = ég\qy (1—2x)> ég\q)/ (x + 1), so that again T)(\q)l (x) < 0. Consequently T>(\q) is
strictly decreasing on (0,400). Clearly, Tiq) is strictly increasing on (—o00,0), and T)(\q)’ (0) = 0.
Observe that

. (@) I 10 _ Ala) _
im T (2) = £ (G (+00) = G (+0)) =0,
and )
im 77 (@) = (G‘f’ (—o0) — G (—oo)) =0, ¢, eN.

That is the x-axis is the horizontal asymptote on T)(\q). As a result T)(\q) s a bell shaped symmetric
function with maximum

é(Q) (1)
7,7 (0) = A
We need
Theorem 3.2. It holds -
S 1@ (@—i)=1, VzeR g¢AeN (3.1)
Proof. As similar to [4, p. 286] is omitted. O
Theorem 3.3. We have that
T\ (z)dz =1, ¢, ) eN. (3.2)
Proof. As similar to [4, p. 287], it is omitted. O

So that T/Sq) (x) can serve as a density function in general. We need

Theorem 3.4. Let 0 < a < 1, and n € N with n'=* > 2. Then

[e.9]

S T (e~ k) < (1= G (0= - 2)) (3.3)

k= —o0
s nx — k| > nlme

and “
. e l-a _
i (-6 (0 -2) -0
Proof. As in [4, pp. 531-532], it is omitted. O

Denote by || the integral part of the number and by [-] the ceiling of the number. We also need
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Theorem 3.5. Let x € [a,b] C R and n € N so that [na] < [nb|. It holds
1

< , Yx€la,bl; g, eN.
nb
S T (= k) T (1)
Proof. As similar to [4, p. 289], it is omitted. O
Remark 3.2. We have that
[nb]
li_)m Z T)(\q) (nx—k)#1; ¢, XeN,
k=[na]

for at least some = € [a,b]. See [4, p. 290], same reasoning.

Note 3.1. For large enough n we always obtain [na)] < [nb|. Alsoa <& <b, iff [na] <k < |nb].

In general it holds (by (3.1))
Lnb)

Z T (nx —k) <1.

k=[na]
We make

Remark 3.3. We define
N R N
qu) (X1, .0y zy) = qu) (x) = HT;\q) (z:), ©=(x1,...,an) €RY, ¢, \, N e N.
=1

It has the properties:

() i
79 () >0, Vo eRY,
(i)
ZZ\)(\q)(m—k:) = i i i Ef\q)(xl—kzl,...,mN—kN)
keZN k1=—o00 ka=—00 kny=—o00
[oe] [ee) o) N
SIS 3 i LTS
ki=—00 ka=—00 kny=—001=1
N
QU
(3.1) 1
Hence
Z 29@—k) =1, gAeN.
k=—o00

That is
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(idi)
ZZ (nz—k)=1, Vo eRY; ¢\, neN.
k=—o00
And
(iv)
. N, oo .
R =1 i=1 —00
thus

/RN Eﬁ\q) (x)der =1,

that is 2>(\q) is a multivariate density function, ¢, A € N. Here denote x = (x1,...,xN

max {|z1|, ..., |zn|}, z € RY, also set 0o := (00, ...,00), —00 := (—00, ..., —00

variate context, 0 < 8 < 1,

(v)
o0
Z Zf\q (nz — Z Z <H (nz; — kl)>
= —00 ki=—00 kny=—00 \1=1
Lo el

T)(\Q) (nxl _ kz) (fO’I” some ry € {17 ceey N})

IN
—

—0o0

Er. 1
T T 2R

oo
’L’?Tl* hi=oo { k""* =

o

>

ky, = —00
inz,, — k| >n'=P

T)(\q) (nx,,

That is
x —k) <1—ég\q) (nl_B—Q), as n — +oo,

0<B<1,q,)\,nGN:nl_f3>2,Vxenfil[ai,bi].

7l =
) upon the multi-

- kr*)
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By [4, p. 634, see (25.23) therein|, we have
1 1

0< <
nb ’\ N>’
St 237 (nx — k) (12 )

Ve Hf\il [ai, bi], n € N. Above we denote [na] := ([na1], ..., [nan]), |nb] := (|nb1],..., |nbn]),
where a := (aq,...,an), b := (b1, ..., by ) . Furthermore it holds

[nb]
nh%n;okz[: Z (nz — k) #1,

for at least some z € (Hf\il [a;, bz]> .
Let f e C (HZ 1 [al,bl]>, and n € N such that [na;] < [nb;], i = 1,...,N; ¢, A € N. We define

the multivariate multicomposite averaged positive linear neural network operators (xz := (z1,...,zn) €

(IT lai, ] ):

An (fra1, van) == DA, (f,2)

ZH%M £(5) 2 (na — k)

Z;E"bﬁnﬂ Z\9 (nx — k) 34
ZLnlenal Z;EZSHMQ] ZLnbNJnaN] I ( kTN) (Hﬁ\il Tx(q) (na; — kz‘))
Hij\il ( Lnb Hna 1 (q) (nw; — k‘i)) '
For large enough n € N we always obtain [na;| < [nb;], i = 1,...,N. Also a; < % < by, iff

[na;| < k; < |nb;j],i=1,...,N.
Let feC™ (HZ 1 lais bi]>, m, N € N. Here f, denotes a partial derivative of f, a := (o, ..., an),

o €Z24,1i=1,..,N, and |a| := Zf\il o; =1, where [ = 0,1,...,m. We write also f, := g;—f; and we
say it is of order [. We denote

Wi (fash) = JJHax w1 (farh).
Call also
ol = mx {lfall}.

where ||-||, is the supremum norm. In one dimension we define:

Definition 3.2. Let f € C([a,b]) and g,\,n € N : [na] < |nb|]. We introduce the multicomposite
linear neural network operator

Zlgnbgna (n) T)Eq) (nm - k)

Ei o T2 (n = k)

DA, (f,z) =

, x € la,bl.

Notice that E\q)An (1) =1, for all g, A € N and it is a positive linear operator.

Clearly here { )\ Ay (f,z) € C([a,b]).
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4 Univariate and Multivariate Multicomposite Deterministic
Approximation Results

We present the following univariate results.

Theorem 4.1. Let f € C?([a,b],C),0<a <1, ¢\, n€N:n'"%>2 2 € [a,b]. Then

(1)

3 A (f2) = f ()] < [}f ) <n1a +(b—a) (1= G (17 - 2)))

T(q 1
+|f'/2( z)l <+(b a)’ (1*5(5) (”1_“2)))
N <w1 (f;;;jvnla) +Hf”+f” (1—G(Q)( —2)>)]

(2) if f'(z) = f" () =0, we obtain

W " % " - 7a
<q>An<f,x>—f<x>]sT(q)1(1) [ 1(f27j;af’" ) s Sl b= a)” (1= G (! _2))],
A

notice here the high rate of convergence at n=3%,

(3) furthermore we get

s o] < gy (W (G 00 (1 80 - 2) )
Hf;” < (b ) (1 _ ég\Q) (nl—a _ 2)))
N (m (f;;;(f?nla) "‘Hf//"‘fH (1_G(Q)( _2)>)]

i.e. lim E\q)An (f) = f, pointwise and uniformly,

(4) and finally, it holds
00 () = @0 A Gin (e =) 2) = 2" @ 4, (s (57) o) = 7 @

w " L 1 e e
. (q)1 [ 1(f2n+2;f’n )+Hf +fHoo(b_a)2(1_G(Aq) (n! _2))].
" (1)

again here we achieve high speed of convergence at n™>%.

Proof. As similar to [5, pp. 187-188], it is omitted.
We continue with the related hyperbolic high order neural network approximation.

Theorem 4.2. Let f € C?([a,b],C),0<a <1, g, \,n € N:n'"*>2 x€a,b]. Then
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(1)

() ) — f(x
A (fra) = £ ( )‘ST;%)

EC ( +b-a) (1-GV (n1“—2))>

w n_p 1 ~
+ ( L U (e ‘2)>)] |

(2) if f'(x) = " (x) =0, we obtain

(q)An , _ h(b—
(f,) f(w)‘STA(q) Seoh-a
% [ (f2 20{07710!) _|_Hf//_fH (b— a) (1_65\11) (nl_o‘—Q))].

notice here the high rate of convergence at n=3%,

(3) furthermore, we get
|4 - 5| _ < (q)l(l)cosh [Hf I ( +(b-a)(1-GY (nla—z))>

U (Lot (-6 e -2)
(AU g oo (- 60 0 -2) )|

it follows that lim E\)An (f) = f, pointwise and uniformly, and

n—-+0o00

(4)

DA, (f,2) = f (@)\? A, (sinh (- — z),2) — 2f" (2){V A, <sinh2 <‘2x> x> — [ ()

h(b—a) |w f”*fvn% " € e
§C08T§c1(> (1) )[ . pRen N (1-60 @ _2)>]'

again here we achieve high speed of convergence at n™3%.

Proof. Similar to [5, pp. 197-198]. O

Next follows a mixed hyperbolic-trigonometric high order neural network approximation.

Theorem 4.3. Let f € C*([a,b],C),0<a <1, g, \,n € N:n'"*>2 x€a,b]. Then
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(1)

@4, (f,0) - £ (2) - T @0, (sinh (- — ) + sin (- — 2)) ,2)

2
7" (2) 7 (2)
— A — 4

(s (57) - (57)) <)

hib—a)+1 O —f A G @
02 [ U912 o) - (1- 89 )

n((cosh (- —x) —cos (- —x)),x) — n((sinh (- —z) —sin (- —x)) ,x)

(2) if fO(2)=0,i=1,2,3,4, we get

(cosh (b—a)+1)

WA (f.2) = ] (@)] <

27(% (1)
y [wl (f(z)n;af, n%) n Hf(4) _ fHoo (b — a)? (1 _ @E\Q) (nl—a — 2))] )

in the last inequality observe the high speed of convergence at n™>.

Proof. Similar to [5, pp. 207-208]. O

We continue with a general trigonometric result.

Theorem 4.4. Let f € C*([a,b],C),0<a <1, ¢ \neN:n""*>2 z¢€lab]. Let also @, € R
with aB (az — BQ> % 0. Then

2f@ () a2+32 1 (z) - S o S
B ( (a)Q((BQ a2>) ) E\q)An ((52 sin” <(2)> — a*sin® <5( 5 ))> 73:)
L [l e rewts) )
T (1) |5 - n2e

+ 2 Hf(“) + <a2 +Bz) f" +a2BQfHOO (b—a)? (1 — G (ntme - 2))} .

IN
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(2) if fD(x)=0,i=1,2,3,4, we get
L a0 @ ) ) )
‘BQ _ 62’ T)(\Q) (1) n2o

+2 Hf<4> + (a2 + 32) " +5252fH00 (b — a)? (1 — GO (nlo - 2))} .

VA (f0)— £ @) <

The high speed of convergence in (1) and (2) is n=3%.

Proof. Similar to [5, pp. 213-214]. O
We continue with a general hyperbolic result.

Theorem 4.5. Let f € C*([a,b],C),0<a <1, ¢ \neN:n"®>2 z¢clab]. Let also @, € R
with af (62 — 52) # 0. Then

1)
$An (f0) = f (@) — aﬁ(fﬂ(_)a) 34, (B sinh (@ (- — 2)) - @ sinh (B(- — 2)) ) , )
L P (oo (3 ) —cosh @) )
— fﬁ (@) - ()7, ((@sinh (B (- — o)) — Bsinh @ (- - 2))) )

2 (2) - (@ +5) " (@)
()
x (04 n((a sinh? <ﬁ(2_‘r)> — 3 sinh? (O‘(';x)»,x)

cosh (b — a) wi <<f(4) - <52 +Bz) f"+a*B f) %)
T (1) |5 - n2e

+2 Hf(‘l) - <a2 +BQ) '+ aQBQfHOO (b — a)? <1 — G (nte - 2))] ,

IN

(2) if fO () =0,i=1,2,3,4, we get

< cosh (b — a) Wi ((f(4) - <62 + BQ) 1+ 6232]‘“) ) n%)
P

+2 Hf(“) - <a2 +Bz) f’ +a2BZfHOO (b—a)? (1 — G (ntme - 2))} .

The high speed of convergence in (1) and (2) is n=3°.
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Proof. Similar to [5, pp. 214-215]. O

Definition 4.1. ([4, p. 490]) Let M be a convex and compact subset of (RN, ||-Hp>, p € [1,00]. Let
feC(M,C), we define the first modulus of continuity of f as
wy (f,0) = sup |f(x) — f(y)], 0<0<diam (M).

x,y€e M :
lz —yll, <o

If 6 > diam (M), then
w1 (f,0) = wi (f,diam (M)).

Notice wi (f,0) is increasing in 6 > 0.

Lemma 4.1. ([4, p. 490]) We have w1 (f,0) = 0 as d | 0, iff f € C(M,C), where M is a convex
compact subset of (RN, H‘”p), p € [l,00].

In our results we use p = oo.
N
Let now f € C? <H [ai,b,;],(C>, N € N. Here f, denotes a partial derivative of f, «

i=1

(a1, ..,an), aj € Zy, i =1,...,N, and |a| := Zal = [, where [ = 0,1,2. We write also f, := 2f

xOé
=1

and we say it is of order .
We denote

max

wi's™ (fa, h) == fﬂf‘iXQWI(fa: h).

Call also
I falloc2 = max {llfalloo}

where ||-||, is the supremum norm.
Next we discuss the trigonometric multivariate multicomposite approximation by using the smooth-
ness of f.

Theorem 4.6. Let f € C? <HZ l[al,bl],(C), 0<pB <1, ¢ \nNecN n=8 > 2 z2 €
(Hl]\il [ai,bi]) ,a:=(ay,...,an), b:=(b1,...,bn). Then
(4)

N
W Ay (f.2) — £ (2) - <Z 8?,3&?) DA, (- —z) ,:):)) sin (1)

( )
1 al 1
—4 Z fa (2) N (H —x), ) sin? <2>
a:=(at,...,an), aZGZ_,_ H ;) i=1
i=1,...,N,|a|:= Z ;=2 =1
\

[ {2

+ (20— alZ N7l N2 4 21l ] (1= cos (1) (1= G0 (w17 = 2)) },
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(73) assume that 8f(:c0) =0,i=1,...,N, and fo(x0) =0, a : |a| = 2, we have that

040 (F,20) = £ (20)

< {(Tiq) (D)N] h { [(1 — cos (1)) {W?SX (];13;5) " <f’ "15) H

(200 = allZ Il N + 2 fll] (1= cos (1) (1= G5 (a7 = 2) )},

(ii4)
4, (f,2) = £ (@)
< [(TA(‘]) (1))]@ {{{2 3:701 {nﬁ (b; — a;) (1 e\ (n“ﬂ - 2)) }} sin (1)
+44° S Jfa (@)l % n%ﬁ + (ﬂ (b; — a,-)‘”) (1 — G <n1*5 _ 2))] sin? (;)
ala]=2 H ! i=1
+ { -(1 —cos (1)) {W?SX ({L();lgnlﬁ) ks +wy <f, nlﬁ> }]
+[21 = a2 a2 3+ 2] (1= con 1)) (1- G0 (12 ~2)) } .
and
(i)

< [(Tﬁq’ (1))N} B {{{i gj {nlﬁ + (b —ai) (1= G (n17 = 2)) }} sin (1)
i=1 t oo
+4 Z | falloo Nl # + (ﬁ (b; — ai)ai> (1 — (N;(Aq) (nlfﬁ - 2))] sin? (;)
clal=2 11 o i-1
+{ (1 - cos(1) {wingx U)o (55) H (@)

+ (216 = alZ Ifalis N2 4+ 201/l | (1 = cos (1)) (1= G (n' =7 = 2) ) }} = eu ().

We observe that g\q)An — I (unit operator), as n — oo, pointwise and uniformly.
Proof. Similar to [5, pp. 232-234]. O

We continue with the related hyperbolic approximation.
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Theorem 4.7. Let f € C? (HZ l[al,b,],C), 0< B <1, ¢A\nN €N, n=? >2 2z €
(Hf\il [ai,bi]> , a:=(ay,....,an), b:= (b1,...,bn). Then

(4)

(ii) assume that %ﬂio) =0,i=1,....N, and fo (x9) =0, o : |a| = 2, we have that

4, (f.20) = £ (@0)

< [(T@ <1>)N] "~ (cosh (1) { [; {“’?SX (ﬁ’ﬁ’jﬁ) T ren <f ’7716 ) H
<]

+ 1= all% 1 fall 25 N2 + 11 £ 1| (1= G (n'=7 = 2) )}

(iii)

and
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(iv)

|94, -]
<[ma) ] {2

1
+48 > lfalleo | =
azla]=2 H a;!

(omax a’i
+cosh(1){!2{ L2 (J;Qﬂﬁ) +wi (f%)}] (4.2)

b= alZ a2y N2+ D] (1= G (07 = 2) ) } ) = P ().

g;: N {nlﬁ + (bi — a;) (1 — ég\q) (nl—ﬁ — 2>> }} sinh (1)

# N (ﬁ (b ai)a’) (1 _ ég\q) (nl—ﬁ - 2))] sinh? <;>

i=1

We observe that g\q)An — I (unit operator), as n — oo, pointwise and uniformly.

Proof. Similar to [5, pp. 241-243]. O
We make

Remark 4.1. By (3.4) we get that Hf\q)An (f)HOO < flloo < 00, and E\Q)A (fyeC (Hl 1 lai, by ,C),

given that f € C (Hl 1 lai, by ,C). Clearly then

|22 =94 (P40 0)|_ <[40 0] <1 1c

etc. Therefore we get
|9 a5 n)]_ <17l YEEN,

the contraction property. Also we see that

|9k | < [t o] < <] an )] <10

Also g\q)An (1) =1, g\Q)A’fL (1) =1,V k € N. Following 18.14, pp. 401-402, of [2], similarly we obtain
that

s =] <[P -a] . rem
We give
Theorem 4.8. All as in Theorems 4.6, 4.7. Then
(2)

|9 ars -1 < Penin.
where P&, (f) as in (4.1).
" (@) gr (a)
| ars - 1| < Qo).
where Dy, () as in (4.2).

So that the speed of convergence to the unit operator of g\q)A; is not worse than of E\q)An, see also [2].
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5 Univariate and Multivariate Multicomposite
Fuzzy Approximation Results

We need

Definition 5.1. Let f € Cr (Hfil [ai,bi]), and n € N such that [na;| < |nb;|,i=1,...,N; ¢, € N.
We define the fuzzy multivariate multicomposite averaged positive linear neural network operators

(€ = (21, ..., zN) € (H;V:l [ai,bi])) :

VAP (f,21,.an) = VAP (f,2)
)
> f (ﬁ) © Z,\q (nx — k)
_ k=[na]
B [nb]
Z Z(Q)( — k)
k=[na]

[nby | [nby | * k k N (q)
_ Zlﬂ:lfnaﬂ ZkN N[na;ﬂ (Wl’ ) TN> © (Hizl T,\q (na; — kl))
nb;
Hflil ( IEi:Hnaﬂ T)Eq) (nxl - kl))

)

In the univariate case we define

Definition 5.2. Let f € Cr([a,b]), and ¢, \,n € N : [na] < |nb]. We define the fuzzy univariate
multicomposite averaged positive linear neural network operators (z € |a, b))

[nb]|*

ki; : f (%) ® T)(\q) (nz — k)
S T (na — k)
k=[na]

About fuzzy positive linear operators see [1, p. 100]. By [4, pp. 589, 620], we see that in both case
univariate and multivariate we have that

(a5 (7, )) 4, (10.2),

Vrelo,l,Vaze (Hf\il [a;, bz]) or V x € [a,b], respectively.

Furthermore in either case holds:

D (g\q)A%}—) (f, x);f@’)) = sup max{’((q)A (f( )) f(r @),

re(0,1]

0 a0 (1,2) - 100}

We need

Proposition 5.1. Let f € Cr <HN [az,bz]>, then g\Q)Ag) (f) € Cr (Hf\il [ai,bi]>, true also in

univariate case.
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Proof. Let (Tm),,en» To € (Hf;l [a;, bz]) such that x,, — xg, as m — +o0o. We have that

D (AT (fowm) 57 A (f,20))

k 79 (nap, — k) k 729 (nzo — k)
o[ 55 (B ogimtt B (o it

k=[na] > 2)(\(1) (nxy, — k) F=[nal > Z(Q) (nxo — k)
k=[na] k=[na]
(by [1, p 5]) Lib:J 5 f< ) ”Z\/(\(I) (nam — k) f (k) . 2&‘1) (nao — k)
nb] 7 \n nb]
k=Tna] S 79 (nay — k) S 2\ (nag — k)
k=[na] k=[na]

(next by [1, Lemma 5.3, p. 76])

[nb] ~(a) ~(a)
Z\V (nxm — k) Z\" (nxo — k) E\ -
<2 | o T, F\a)-) =0
k=[nal | $~ Z)\q (nzpy, — k) > Z/\q (nzg — k)
k=[na] k=[na]

as m — +00, also notice f is fuzzy bounded (by [1, p. 161]). The claim is proved.

We present the following:

Theorem 5.1. Let f € C%([a,b]),0<a <1, ¢, \,N,n e N:n'"%>2 z € [a,b]. Then

(1)

D (AP (f,2),f ()
O [D (f' (2).9) (nla Fb—a) (1= G (e 2)))
(f”

1
2(@~) (ia Hl=a) (1-GY (010 - 2)))

]—') 1"
+< U foae) | pe (g7 £,5) (b — (1-cy (nl—a—z)))],

2n2a

(2) if f'(x) = f" (x) =0, we obtain
D (AP (f,2),f (@)

1 v fﬂ@f’n% * " ~ ~ o
_T)(\Q)(1)< : (27120‘ )+D (f EBf,o) (b_a)2 (1—Gg\q> (nl _2))>,

notice here the high rate of fuzzy convergence at n=3%,
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(3) furthermore we derive
D (A5 (1), f)
! [D (f',0) <nla+(b—a) (l—ég\Q) (nl_a—2))>

<
- T(Q)( 1)
+ (‘];H L (n2a +(b—a)? (1 — G\ (' - 2)))

(F) ¢ e1r 1 ~
+ (wl Vo Lw) b (176 £) - 0 (1- G (n1 ‘2))>] |

(D,D*)

i.e. lim (‘Z)Ag) (f) I, fuzzy pointwise and uniformly.

n—+00)

Proof. Here we apply Theorem 4.1 for fj(:) € 02 ([a,b],R). We observe that
V4, (£02) = 10 @)
1 T ! 1 ~ —Q
< H(fi)) (z) <na—|—(b—a) (1—G§\q) (nl —2)))

T)(\Q) (1)
e (nia +(b—a) (1 — GO (nte - 2)))

() @
oy 2]

oy s

_l’_

by @20, @) _1 U (") @) <1 +(b—a) (1- G (e - 2)))

7\ (1) n®
(1) T
+7(f ); ( )‘ (néa + (b= a) (1G5 (' - 2)))
(wr (9 + 70, %))
+ Ina

i H 7 T)+f(T)

(by (2.1), (2.2), (2.3), (5.1)) 1 M) 5 1 _a _ 5@ (e _

< o D1 @.9) (s + 0= (1- 62 (1 -2))
+D(f Z(x)aa,) <T;a+(b )2 (1_6’?&1}) (nla_2))>
n (W1 (fQSz(f? ﬁ)) + D (f//@faa) (b— a)2 (1 _ ég\q) (nl—a . 2))] .
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Above notice that

(Y10 = (e nd. (5.1)

We continue with a fuzzy trigonometric result.

Theorem 5.2. Let f € C%([a,b]), 0 < a <1, ¢, \,n € N:n'=* > 2 z € [a,b]. Let also @, B € R
with af <52 - BQ> 0. We assume that f9 (z) =0, i =1,2,3,4. Then

D (AP (f,2),f ()

. -2 _ 952
(A ererte) )
- ‘32 _ 52‘ T)(\q) (1) n2e '
+ 2D ((f(4) ® (52 +BQ) of"ea?F o f) ,5) (b — a)? (1 — G (nl-e - 2))] .
The high speed of fuzzy convergence in (5.2) is n=3%,
Proof. As long and similar to Theorem 5.1 is omitted, based on Theorem 4.4. O

Next come multidimensional multiactivated results:

First a trigonometric one.

Theorem 5.3. Let f € C% (Hf\;1 [ai,bi]), 0<B<l,¢A\n,NeN,n"P>2 zx€ (Hf\il [ai,bi]),
a:=(ay,...,an), b:=(b1,...,bn). Then

(1) zf% =0,i=1,..,N, and fo (x9) =0, a : |a| = 2, we have

D (E\Q)Asf) (f7 l‘o) 7f ([E(]))

< [(Ti‘” (1))N] h { [(1 —cos (1)) {w§§> (J:jéﬁ’jﬁ) AR <f7 n1ﬁ> H

+ [2 b= al% (D* (facjaj=2:0)),. N*+2D" (f,a)] (1 — cos (1)) (1 el (nl—ﬁ . 2))} :
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(2)

A 1
+{ (1—(:08(1)){ (:275 s +w§f) <f’nlﬁ> }]

+[2Hb—a\| " (farlal=2:0)) o N +2D7 (f’a)}
(

1 — cos (1 ))( —G@ (n* —2))}},

and

_|_
4 D 0 1 1 . b —a)® | (1= G2 (n1=8 —2 sin?
n Z (fas0) ~ n2ﬁ+ H(z i) ( Gy ( )) (
a:la=2 IT c! =
=1
oo {202 i 1))
+{2Hb—aH " (fartal=2:0)) jyay N +2D" (f’aﬂ
< (1= cos(1) (1- G (= - 2)) ]

(D,Dx)

We see that @A%F) — I (unit operator), as n — oo, fuzzy pointwise and uniformly.

Proof. As long and similar to Theorem 5.1 is omitted. It is based on Theorem 4.6. O

Next comes the corresponding hyperbolic result:

Theorem 5.4. Let f € C% (HZ 1 [al,bl]), 0<B<l,gA\n,NeN,n""P>2 z € (Hf\il [ai,bi]>,
a:=(ay,...,an), b:=(by,...,bn). Then
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(1) zf%;lo) =o0,i=1,..,N, and fo (x9) =0, a: || = 2, we have

(4 (£,20) . f (x0))

D
< )] e {[{E G i (1)
+

(15 = all% (D" (Favtat=2:9)) o N+ D° (£.8)] (1= G (n* 7 —2) ) }.

(2)
D (YA (.0).5 @) < | (11 )] B
X {{{; <agél ),0> {nl,b’ + (b — a;) (1 - ég\q) (nlfﬂ — 2))}} sinh (1)
+4 Z D (fa(z),0) % ;3 + <1]_V[ (bi — a;)” ) <1 — C?gq) <n1*ﬁ 2))] sinh? ( )
oclal=2 T ! =1
i=1
)
o |lIb =l (D" (Faal=2:8)) e N* + D (£.3)] (1= G (n'~7 —2) ) }}.
and
(3)

+ {1 =l (D" (fator=2:9)) o N2 + D7 (1.0)] (1= G (w77 = 2) )

D,D . . . .
We see that E\Q)Agf) ( —>*) I (unit operator), as n — oo, fuzzy pointwise and uniformly.

Proof. As long and similar to Theorem 5.1 is omitted. It is based on Theorem 4.7. O
We finish with:
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Remark 5.1. By Proposition 5.1 if f € Cr (Hf\il [a;, bl]> , then E\Q)A%}—) (f)eCr (H,fil [a;, b,]) and

)
all iterates (E\Q)Ag) (f)) 7 e Cr <HZ]\L1 [ai,bz-]> 7 =1,2,3,.... We notice that (z € [, [as,bi])

[nb]*

~(a)
D<E\q)A$f)(f)(w),5):D Z f(fl)@ Lni)\q (nz — k) 5

k=[na] Z 2§\Q) (n:(: _ k)
k=[na]
Lol k Z(\Q) (nx — k) Lnbs ~ 2@ (nx — k)
=D > f5)om ;2L 90
k=[nal > 2\ (na — k) k=Tnal > 2\ (na — k)
k=[na] k=[na]
(by [1, p. 5])
o k Z/(\q) (nx — k) ~ Zg\q) (nx — k)
<2 D f<n>® Lnb) T
h=nal A ) S 2\ (nx — k)
k=[na] k=[na]
nb) (@)
VA k
- Y (s (5)9) o),
n R n
k=[na] Z Z}(\Q) (nx _ k)
k=[na]
that is

and likewise it holds

Inductively, we get that
o[ (@ 4F) )\ < (@ 4F) ()Y <
D ()\ An (f)) , 0 S D ()\ An (f)) , O
< 20 (040 (),5) < D (1,9,

Vm € N. That is o
D ((&“ASf’ () ,a> < D*(f,5), VmeN,

proving the contraction property. All the above are true in the univariate case too.
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