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Abstract: The Banach-Saks property is an important tool in analysis with applications ranging from partial
differential equations (PDEs) to calculus of variations and probability theory. We survey the Banach-Saks
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1 Introduction

A Banach space X satisfies the Banach-Saks property (resp. the weak Banach-Saks property) if every
bounded sequence (xy), C X (resp. weakly converging to x in X) admits a subsequence (zy,);

o . = j—
strongly converging in the Cesaro sense, that is, ||Z,; — z||x I 0, x € X where
J
_ 1
ZL'n]. = - Z Tny, -
J =1

This variation in the definition is irrelevant if X is reflexive. Namely, in a reflexive Banach space the
Banach-Saks property and the weak Banach-Saks property are equivalent. For a general Banach space
the weak Banach-Saks property is implied by the Banach-Saks property; because weakly convergent
sequences are bounded. But, the converse is not always true. Notable examples of Banach spaces not
satisfying the Banach-Saks property include L' —spaces, since they are not reflexive. Indeed, a result
of T. Nishiura and D. Waterman [1] asserts that a Banach space satisfying the Banach-Saks property
is automatically reflexive (interestingly, the converse is not true, as constructions of reflexive Banach
spaces not satisfying the Banach-Saks property are provided by B. Beauzamy and A. Baernstein in
2, 3]). However, it was recognized by Szlenk [4] that L(0, 1) enjoys the weak Banach-Saks property.
It turns out that L'—spaces are perfect examples of non-reflexive Banach spaces satisfying the weak
Banach-Saks property. The aim of this note is to address the weak Banach-Saks property of L' —spaces
in the general context. From now on, we write LP(X), 1 < p < oo in the sequel to tacitly denote the
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usual Lebesgue spaces associated with a measure space (X, A4, i), i.e., A is a o-algebra on a set X and
(v is a positive measure on A. We say that a sequence (uy,), C L'(X) converges weakly to u in L!(X)
and we write u,, — wu if

(U,un — u)(Ll(X))/7L1(X) TH—OO> 0 forallve (Ll(X))/,

where (-,-)z1(x)y,1(x) is the dual pairing between LY(X) and its dual (L'(X)). In passing, we
recall the well-known fact from the Riesz representation for L'(X) (see for instance [5, Corollary
2.41 & Remark 2.42] or the more recent proof in [6]), viz., if p is o-finite then we can identify
(LY(X)) = L*>(X). In the latter case, the aforementioned weak convergence in L'(X) boils down to
the following condition

/ tn(z)v(2)dp(z) =25 | w(z)v(z)du(z) for allv € L®(X).
X X

Theorem 1.1. The space L'(X) enjoys the weak Banach-Saks property, i.e., for any sequence u, — u

weakly in L*(X), there is a subsequence (un;); such that |[Tn; — ullL1(x) 7.

Interestingly, Theorem 1.1 is reminiscent of the renowned result by W. Szlenk [4], who originally
established Theorem 1.1 for the space L'(0,1) endowed with the Lebesgue measure. Notably, the
argument of W. Szlenk [4] carries over to the space L' (X) when the measure y is finite, i.e., u(X) < oo.
It is worth emphasizing, however, that we do not impose any restrictions on the measure p. In fact,
Theorem 1.1 is a straightforward consequence of the following Theorem 1.2 which is more general.

Theorem 1.2. Assume u, — u weakly in L'(X). There is a subsequence (uy,); such that

J
1 j —00
sup Hf E Ungepy — u‘ I,
oN=N st 1] T LY(X)
0(T)<O(T+1) -

The supremum is taken over all strictly increasing maps 0 : N — N.

Our proof of Theorem 1.2 is based on the Dunford-Pettis characterization of the weak convergence
in L'(X) and a refinement of the arguments of Szlenk’s proof [4]. Let us comment on some related
works in the literature. The Banach-Saks phenomenon was first established by S. Banach and S. Saks
[7] for the space LP(0,1), 1 < p < oo. For the convenience of the reader, we present their proof for
LP(X), 1 < p < oo, in Appendix 3 (Theorem 3.4). This result was subsequently extended to uniformly
convex spaces by S. Kakutani [8] (see the proof in [9, p. 124]) and N. Okada [10] who proved that a
Banach space whose dual is uniformly convex also features the Banach-Saks property (see Theorem
3.3 and its proof below). As mentioned earlier, due to the lack of reflexivity, the Banach-Saks property
fails in general! for the space L'(X), but it was shown by W. Szlenk [4] that L'(0, 1) rather satisfies the
weak Banach-Saks property. As a matter of fact, an intriguing anecdote concerning the Banach-Saks
phenomenon is related to the original work of Banach and Saks [7]. Indeed, Banach and Saks claimed
the failure of the weak Banach-Saks property for L(0,1) and also claimed to have generated a weakly
null sequence in L' (0, 1) without any subsequence strongly converging in the Cesaro sense. Later, the
proof of W. Szlenk [4], however, revealed the error in the assertion of Banach and Saks [7]. It is worth
emphasizing that the weak Banach-Saks property naturally extends to standard Sobolev spaces W*P

'In some pathological cases L' (X) might be reflexive and enjoy the Banach-Saks property as well. A blatant instance
is obtained by considering L'(Xg4, 1) = R? where u is the counting measure on X4 = {1,2,---,d} and obviously
d .
lull Ly (x g, = 2252 [w(d)]-
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of any order (possibly fractional), s > 0 with 1 < p < 0co. As a consequence this has a wide range of
applications, notably in calculus of variation. For the sake of completeness, it is important to mention
that in the case p = 0o, even the weak Banach-Saks property fails in general for the space L*>°(X) and
especially for the space C[0,1]. This was first established by J. Schreier in [11] and later characterized
by N. Farnum in [12] for general spaces C'(S) where S is a metric space. The result by W. Szlenk
[4] sparked significant interest in the area of probability theory, where one sometimes wishes to have
the pointwise convergence almost everywhere of random variables instead of strong convergence. The
first step in this direction, attributed to J. Komlés [13] (see a recent proof in [14, Theorem 4.7.24])
infers that if 4(X) < oo, then a bounded sequence (uy)y in L'(X) admits a subsequence (un;); and
u € LY(X) such that for all strictly increasing mapping 6 : N — N, the sequence (u”em)j converges
to w almost everywhere in the Cesaro sense, that is, Ungg;y = U almost everywhere in X. This result
was improved by D. Aldous in [15]. Much later, I. Berkes [16] extended the result of J. Komlés [13]
and D. Aldous in [15] to the space LP(X), 1 < p < oo with u(X) < oo; see [17, Theorem 29, P.
102] for a detailed proof. Last but certainly not least, the weak Banach-Saks property represents an
enhancement of the sequential Mazur’s lemma [18, P. 6] which is a consequence of the Hahn-Banach
theorem, asserts that any weakly convergent sequence in a normed space admits a sequence of convex
combinations of its members that converges strongly to the same limit. However, the major limitation
of this result is that the convex combinations are not explicitly determined.

2 Proof of the Main Result

Analogously to Theorem 1.2, Hilbert spaces satisfy a stronger notion called the uniform Banach-Saks
property. The proof is adapted from those of [4, 19].

Theorem 2.1. A Hilbert space (H,(-,-)g) satisfies the uniform Banach-Saks property, i.e., every
bounded sequence (xn)n C H admits a subsequence (xn;); and x € H such that

J

1

lim sup Hf T, —xH =0.

J700  g.NSN, s.t. ]Zl 0(k) H
0(T)<O(T+1)

In particular, we have ||Zpn; — x| n 2% 0,

Proof. A bounded sequence (x,,), C H say sup,,;> |||z < r, for some r > 0, has a weakly convergent
subsequence. Without loss of generality, we assume that (xn)n C H weakly converges to z in H and
that x = 0. Put x,, = =1 and assume z,,_, is given, j > 2. Since (x,), converges weakly to x = 0,
we choose n; > n;_1 such that

1 .
‘(.’I}nk,xnj)H‘Sm foreveryk:1,2,...7j—1.

A strictly increasing 6 : N — N satisfies 6(j) > j. By construction, the sequence (zy,, ); satisfies

J i

1
Z Hxne(ky) HH + 2 Z Z xng(k) Y ‘:U'n,g(l)

=2 k=1

H Z x”@(k)

J
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Finally, the sought result follows since we obtain

1 2 242
g Hf‘zxne(m <t + 250,
oNoN st 1] i H J
0(T)<O(T+1) -

O

Next, we need the Dunford-Pettis criterion for weak compactness in L'(X). This criterion was orig-
inally established by N. Dunford and B. Pettis in [20, 21]. A more contemporary version of the
Dunford-Pettis theorem, credited to L. Ambrosio, N. Fusco and D. Pallara [22] with a meticulous
proof can be found in [5, Theorem 2.54]; see also the versions in [14, Theorem 4.7.18 & 4.7.20]. To
facilitate the statement of the result, it is convenient to recall the notions of tightness and uniform
integrability. Let F C L'(X) be a subset. The set F is uniformly integrable (or equiintegrable) if

lim sup/ u(x)| du(x) = 0.
WE)=0ueF E| ()] du()

More precisely, for every € > 0 there is § > 0 such that for a measurable set F € A with u(F) < 4§,
/ lu(z)| dp(z) < e for all we F.
E

The set F is tight if

inf sup/ |u(z)|dp(z) = 0.
wE)<ooucF JX\E

That is, for every € > 0 there exists a measurable set E such that 0 < u(E) < oo and

/ lu(z)|dp(z) < e for all we F.
X\E

The following theorem is obtained by combining [5, Theorem 2.29] and [5, Theorem 2.54].

Theorem 2.2 (Dunford-Pettis). For a bounded subset F C L'(X), the following assertions are equiv-
alent.

(a) The set F is relatively weakly compact in L'(X).
(b) The set F is uniformly integrable and tight in L'(X).

(¢) De la Vallée Poussin: F is tight in L*(X) and there is an increasing map ¥ : [0,00) — [0,00)
such that

‘1’ t o0
o) 1220 50 and sup/ U(|u])dp < oo.
t ueF JX

A fundamental consequence of Theorem 2.2 is that (see [5, Corollary 2.58]) a bounded sequence
(un)n C LY(X) weakly converges to u € L'(X) if and only if

/ up (z)dp(z) 2225 [ w(z)du(z) for every measurable set A € A.
A A

In order to prove the main Theorem 1.2 we need the following ancillary result.
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Theorem 2.3. Let u, — 0 in L(X) then for e > 0 there is a subsequence (nej); = (n;); such that

1 J
limsup  sup H - Z Ungy,

j—}OO 0:N—N, s.t. ] k=1 Ll(X) a
0(T)<0(t+1) -

Proof. The weak convergence implies that (u,)n is bounded; say sup,,>q [[un||r1(x) < 7. By tightness
and uniform integrability (see Theorem 2.2), consider Xy C X with pu(Xp) < co and § > 0 so that we
have

™

sup / ()] dp(z) <
n>1Jx\Xo

sup / (@) A () <

n>1JA

Define A, ., = {x € Xo : |up(z)| > m} so that

r
sup M(An,m) < —
n>1 mnp>1 m

Next, choose mg such that sup,,~; p(Anm) < 0 whenever m > mq so that

sup / ot ()| dpa () <
An,mo

n>1

S M

Consider the sequence (vy,), defined as follows

() un(z) x € Apme UX \ Xo
vp(x) =
0 T € X() \ An,mo-

On the one hand, the sequence (vy,), satisfies the estimate

sup 11 x) < sup/ (2.1)

X\ X0

fun(a)ldp(e) +sup [ Jun(a)ldn(e) <

An,mo

Wl M

On the other hand, it follows from the definition of A, ,,, that

up [ fuala) = vu(@)Pnto) = s (/. . / » + [ o ) ln ) Pdp()
1(Xo \ Anmg)mi

IN

That is, the sequence (u, —vy,), is bounded in L?(X). In view of Theorem 2.1, there is a subsequence
(n;); such that (upn, — vy,); converges in the weak sense in L?(X) to some w and we also have

i 53 )=

lim sup - Z Uny . — Un —w

J—70  g:NoN,s.t. 1] 1 o) o)
0(T)<0(T+1) -

L2(X) =0

From the latter we find that (uny,, — ¥Uny,,) = w =0 a.e. on X \ Xo and hence

wllxy < p(Xo) 2wl p2(x)
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i.e., w € L'(X). Moreover, we also deduce

J
1
sup H N E (ung(k) - U'ng(k)) - ’UJ‘
0:N—N, s.t. j k=1

0(T)<0(T+1) -

L'(X)

J
<nC? o |53y o) = ]y O
o(r)<o(r+1) ~ M=l
Therefore, w € L'(X) and there is jo > 1 such that
1< €
Q:NiuNf’)m H; Z(U”M) = Ungy) — w‘ L < 3 for every j > jo. (2.2)

o(r)<o(r+1) = A=

In particular (u,; — vn; —w); is bounded in L'(X). Furthermore, for fixed g € L°°(X) (in particular
g =14, A € A) we have H]IXOgH%Q(X) < ,u(XO)HgH%OQ(X) < 00 so that 1x,g € L*(X). The weak
convergence of the sequence (un, — vpn;); in L?(X) together with the fact that (un; — vp,) = w =0
a.e. on X \ Xo imply

/ (tn, = vn,; — w)(2)g(x)du() = / (1, = vy — w)(@)g(x)dp(2)
X

Xo

Jj—o0

- /X (ttn, = vny — ) (@) (Lo 9) (2)dpa() 2225 0.

Therefore, up; — vp; — w and u,; — 0 weakly in L*(X) and hence v,, = —w weakly in L*(X). The
weak convergence in L'(X) and the estimate (2.1) yield

ol = lwlzay < liminffon, [l

j=21 Jj=21
< 9
3

< swp [ o, @lda() s [ o (@) ldn(a)
X\XO j Anj,mo

Together with estimate (2.2), for every j > jo we arrive at the following estimate

1 J 1
5y <252 = ) =
9(7)<9(T+1) k=1 9(7)<9(T+1) =1

1 J
+ sup - Z(||Un9(k)||L1(X) +[Jwllrix)) <e.

6:N—N, s.t. o
o(r)<6(r+1) = k=1

We finally obtain the sought estimate

E.

1J
hm sup  sup H - Z Ung
J—00 6:N—N, s.t. ,]

<
L1(X)
o(r)<0(r+1) ~ k=1
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Proof of Theorem 1.2. We can assume u = 0. By Theorem 2.3, one can iteratively find a nested
family of subsequences (n; ), ¢ > 1 with the property that (n;41;); is a subsequence of (n;;); and
the following holds

1< 1
sup Hf Up, < —. 2.3
0:N—N, s.t. j ; " 0(k) LI(X) 7 ( )
0(T)<0(T+1) -

In particular, if we fix £ > 1 and a map 0 : N — N strictly increasing, it is clear that for each & > 1,
(Mo(k+0),6(5))5 18 a subsequence of (ng( ;);, namely there is Gg N — N strictly increasing such that
(k+0).0() = To(6),05 () , 7 > 1. Observing that

00,041 () T "OUH+1).00) T Pok+e),05H(0) T 0004008 (5)
we can legitimately identify 9k+1( ) = 0£(9£+£(j)). We have 9k+1( ) = 0L(65TE(5)) > 64(5), since
GIfH (j) > j. Hence, taking j = k + £+ 1 then as 9£ is strictly increasing, we get
Orq(k+€+1) > 0n(k+0+1) > 0(k+0).

In other words the mapping 0* : N — N with 0*(k) = 9£(k: + () is strictly increasing. As a result,
taking into account ngk4e)0(k+e) = Tg(0),6L (k+0) = T6(£),6% (k) and the estimate (2.3) one deduces the
following

Li(x )_hmsuPH Z“nem 0% (k)

J]—00

lim sup H Zune(kH) o(ht)

]—)OO

LY(X)

L(x) 6 — ¢

. 1
< limsup sup H*E Ungey,00k)
j—oo  O:NoN, st W] T
0(T)<B(r+1)

where recall that 6(j) > j, 7 > 1. On the other hand, we have

H Z“"e)(k)e(k) Li(xX —H Z“"e)(k)e(k) Li(x H]_g Z Ung k), o)

1
k= E-i-l LHx)
¢ _
1 1
== U + Hi u .
H] g 19 (k),0(k) LI(X) j— E ; 19 (k+£),0 (k+£) Ll(X)

Passing to the limsup and using the fact that Zizl gy o0 121 (x) < €5UPp>y [[unllLr(x) < 4r we
get

74

Ir
limsup  sup H Unp < limsup — + sup H — Un
j‘)OO 6:N—N, s.t. ; 6(k),8(k) Ll ) ]A)OO j 6:N—N, s.t. ] - e kz OO0+ Ll(X)
0(T)<0(T+1) 9(7’)<9(7’+1) -
. 1
=limsup  sup H Z“ne(k+e> 0010 || 1 xy = 7

J—r00 0:N—N, s.t. k} 1 ( )

0(T)<0(T+1)

Given that £ > 1 is arbitrary, letting £ — oo yields

_ 1 . 1
lim sSup H; Z Ungxy,o0k) (X) = lim sup Sup H; Z Ung(xyo0)

J=00  9NLN, s.t. Lt j—00  6:NoN, s.t.

)
o(r)<f(r+1) ~ k=1 0(m)<0(r+1)

Finally, the desired subsequence (uy,;); is obtained by taking that diagonal sequence u,; = uy, ;. O
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3 An Application to Minimization Problem

In this section, we present a simple application of the calculus of variations.

Theorem 3.1 (Existence of Minimizers). Let Q C R%, d > 1, be open bounded with Lipschitz boundary
and g € WH™(Q) and m € R. Consider the function f : Q x R? — R satisfying the following
assumptions:

(H1) Carathéodory condition: f(-,€) is measurable for every ¢ € RY, and f(x,-) is lower semi-
continuous for a.e. x € €.

(H2) Conwvezity: For a.e. x € Q, the function f(x,-) is convexz.

(H3) Growth condition: There exist C > ¢ > 0 and an increasing function ¥ : [0,00) — [0,00) with
U(t) t—oo

+ oo such that

c(U(E)) = 1) < flz,6) < CA+V(|E]))  for all € € R? and a.e. x € Q.
We define the integral functional
F(u) := / f(z, Vu(x))dx (ue Wl’l(Q)),
Q

with convention that F(u) = oo if u is not in the domain of F. If we consider the admissible Dirichlet
and Neumann classes respectively by A, := {u € WHH(Q) : u = g on 0Q} and A% := {u e whl(Q):

Joudx = m}, then the functional F admits a minimizer in A, with A € {A%, A%, WH(Q)}, ie.,
there is u* € A such that
F(u*) := min F(u).
(u”) := min F(u)
Proof. Note that inf,cyy1.10) F(u) = inf, e 0 F(u), since F(u) = F(u),with w =u — ﬁ Jo u. There-
fore, it is sufficient to assume from now on that A = A%, or A = A%, which are nonempty sets.

Indeed, since g € WH*°(Q) ¢ WH1(Q), the function w; = g belongs to A%, while the constant func-
tion wy = ﬁ clearly belongs to A7%;. Furthermore, since €2 is bounded, Vw;, i = 1,2, is bounded, and

since W is increasing, the growth condition (H3) implies that [, f(x, Vw;) dx is finite. Let (uy), C A
be a minimizing sequence, i.e., F(u,) — p := inf,c 4 F(u) such that p < F(u,) < p+ Qin The growth
assumption (H3), implies

1 +p+1
—

/ U(|Vuy,|)de < 1 + 1/ f(z, Vuy,)dz <
Q c cJq

By assumption on ¥ there is ¢ty > 0 such that ¥(¢) > ¢ for all ¢t > .

/\Vun\dx: (/ +/ )\Vun\dxgtonH/ U (|Vun|)dz < M.
Q QN{|Vun|<to} QN{|Vun|>to} Q

for some constant M > 1. Thus (Vuy,), is bounded, tight in L'(Q;RY) since Q is bounded and we
have

sup/ U(|0p,up|)dz < sup/ U(|Vuy|)de < oo, i=1,---,d.
n>1JQ n>1JQ
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By applying Theorem 2.2 we can assume, up to a subsequence, that Vu, — v weakly in L'(£, Rd) =
[L(€2)]? for some v € L'(Q,R?). Meanwhile the weak Banach-Saks theorem, Theorem 1.1, yields the
existence of a further subsequence (u,,); and v € LY(Q,RY) such that Up,; = % 7_1 Un, satisfies

1< : .
Vi, = ;Zvunk 2% v strongly in L'(Q,RY) = [L(Q)]7.
k=1

Furthermore, by convexity of the set A, either @, —,, € A% e, Up; —Up,, € Wol’l(Q) OT U — 1y, €
A?V, ie., fQ Up,; —Un, dx = 0. The classical Poincaré-Friedrichs inequality for I/VO1 1(9) and the Poincaré
inequality with mean-value and the strong convergence of (Vu,,); imply that

J,k—00

[T, — Ty (@) < ClIVn, — Vim, 10y 0.
for some constant C' = C(Q) > 0. That is, (Ty,); is Cauchy in the Banach space W1 (Q). Thus
Uy, — u* in WH(Q) for some v* € WHH(Q). In particular Vu* = v. It follows that u* € A, since by
continuity of the trace operator vo : WH1(2) — L1(09Q), see [23, 24], and of the operator u Jq udz,
A% and AR are closed convex sets of W11(Q). Hence u* € A, while by convexity and the lower
semicontinuity of f(z,-) imply

J
/ f(x, Vu*(x))dz < / liminf f(z, Vi, (r))dr < liminf F () < liminf},Z}"(unk) — inf F(u).
Q Q

Jj—o0 j—00 j—oo ] =1 ucA

Finally, we conclude F(u*) = inf,c 4 F(u) and thus u* is a minimizer. O

Appendix
Theorem 3.2 (S. Kakutani [8]). A uniformly convex Banach space X has the Banach-Saks property.

The result by P. Enflo [25, Corollary 4] implies that a Banach space is uniformly convexfiable® if and
only if its dual is uniformly convexifiable. Thus Theorem 3.2 can be recast as the following Theorem
3.3.

Theorem 3.3 (N. Okada [10]). A Banach space X whose dual X' is uniformly convex has the Banach-
Saks property.

We present an elegant proof of Theorem 3.3 due to N. Okada [10] based on the duality mapping of
X, viz., the map ¢ : X — X’ verifying ¢(0) = 0 and

(p(z),2) = [zlxlle@)lx = llzl%,

where (-, -) is the dual pairing of X and X’. The existence of p(z) € X' is a consequence of the Hahn-
Banach theorem, whereas since X’ is uniformly convex, it can be readily shown that the uniqueness
follows from the strict convexity of X’. Furthermore, the uniqueness implies that ¢(Az) = Ap(z),
A € R, while uniform convexity of X’ implies that ¢ : X — X’ is uniformly continuous on bounded
sets; see for instance [26, Section 5.4] or [27].

tA Banach space is uniformly convexifiable if it can be equipped with an equivalent norm that renders it uniformly
convex.
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Proof. The uniform convexity of X’ implies X’ is reflexive which is equivalent to saying that X
is reflexive. I t suffices to prove the weak Banach-Saks property. A sequence (z,), C X weakly
converging to x in X is bounded, say (z,), C Bx(0,r) := {x € X : ||z|x < r} for some r > 0.
Without loss of generality, assume x = 0. Put x,, = z1 assume xp;_, is given, j > 2, and put
Sj_1 = Zi;ll T, Since ¢(Sj_1) € X" and (z,,), converges weakly to z = 0, we choose n; > n;_; and
hence construct the sequence (z,;); such that |(¢(Sj-1),7n;)| < 1. Since ¢ is uniformly continuous
on Bx(0,r) for € > 0 there is § > 0 such that ||¢(x) — ¢(y)||x» < €/r wherever z,y € Bx(0,r) and
|z —yllx < 6. Fix j > jo with jo > 7/, then %HS]- — Sj-1llx < 4; < 4. Whence, we have

re

Sj Sj-1 S Sj-1 _
—)|lx < P

(00 = (22).5, = 5y-0)| < o Il () = (%S

That is, using the formula p(Ax) = Ap(z) we obtain
(£(S5) = 9(S;-1), S; — Sj1)| < je.

The relations ((x), ) = |z x [ ¢(@)l|x and [l2]|x = [lp(2)]x: vield

(@) — o).z —y) = (lzllx — lylx)% + [lelxllylx — (@), 9] + [lzlxlyllx - (o), )]

Taking into account the fact that, (p(z),y) < |le(@)|lx |lvllx = l|z||x]y|lx, it follows that

(@) —o(y), x —y) > [zl xllylx — (e(y),z)] > 0.

Accordingly, since Sj — Sj—1 = z,,; we find that

0 < 1SjllxM1Sj-1llx = 1185115 = (9(Sj-1)s 2n;) < (#(Sj) = ©(Sj-1), 85 = Sj-1) < je.
Given that (©(S;-1),7,,) <1, by definition of z,,; we get
1511 11Sj-1llx = 1Sj-11% < je + (@(Sj-1), @n;) < jie + 1.
It follows that, for all j > jo we have
2
1S;1% = 1S5-1l% = (I1S5llx = 1S5-1l1x)" + 2l x [1Sj-1llx — [1Sj-11%)
<, 1% +2(je +1) < 7° +2(je + 1).
Whence, summing both sides gives
J
1Si1% = 1S5 l1% = D 1ISkllx = 1Se—1ll% < 57 + 2j(je + 1).
k=jo+1

This implies that
. 1 ) 1 r? 2
lim sup —2HS]H?X < lim sup 6“Sj0”%( + = +2+ - < 2.
j—oo ) j—oo J J J
Finally, as € > 0 is arbitrarily chosen we get

.S . S;
lim [|=F][% = limsup || =[5 = 0,
J—00 j—o00 J
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It is well-known that [28] both LP(X) and its dual space (LP(X)) = LV (X) with p/ = p%l are
uniformly convex when 1 < p < co. A proof of the uniform convexity of LP(X), 1 < p < oo can be
found in [29, Theorem 5.4.2] or see also [6] for a short proof. Hence both Theorem 3.2 and Theorem
3.3 imply that LP(X), 1 < p < oo satisfies the Banach-Saks property. However we present here a
simple proof due to Banach and Saks.

Theorem 3.4 (Banach-Saks [7]). The space LP(X), 1 < p < oo satisfies the Banach-Saks property.
Proof. Since LP(X) is reflexive, it suffices to prove the weak Banach-Saks property. Let (uy), C LP(X)
a bounded sequence, say sup,,>1 [[un||pr(x) < 7, 7 > 0, weakly converging to u € LP(X) that is

/X(un(x) — u(z))o(z)dp(z) =50 for all v € L (X).

Without loss of generality, assume v = 0. Put uy, uy assume u,, , is given, j > 2. Define

1= Zi;ll U, € LP(X) so that |S;_1|P~28;_; € LP'(X). Since (uy), converges weakly to u = 0,
we choose n; > n;_1 and hence construct the sequence (uy;); such that

[ 1811 @ 25 s @) ) duta) < 1
Next, consider the continuous function ¢ : R — R defined by ¢(0) = 0 and, for ¢ # 0 by

1+t = S5 ()
i |

(1) =

where [p| = max{m € N : m < p} and (}) = %. Note that ((t) — 1 as |t| — oo if [p] < p,

whereas if p = |p] is even, we have ((¢) — 0 as |t| — oo, while if p = |p| is odd, we have ((t) — 0 as
t — oo and ((t) — 2 as t — —oo. Meanwhile, using Taylor’s expansion for |¢| < 1 we deduce

(141t)P — U’J o (D)t* Z?:ijﬂ ()" -0
|t|p [t

C(t) = 0.

Therefore, the map ¢ — ((t) is bounded; say |((t)| < C for some C > 1, yielding

Lp]
Pk
1+tP < p
L+t <CtP+ > <k>t
k=0
This implies that, for all a,b € R, we have

0ty < 10+ Pola2a CIoP + S5, () lap~Hiol* it p > 2
= lal? + pbla[P~2a + C[b|? if1<p<2.

The foregoing inequality with a = S;_; and b = uy,; yields

1851170 ) = 18170 (x) <p/ |Sj1(2) P28 -1 (@)un (2)dpa(x) + Cllun, |, ) + Rj
<p+Cr? + Rj,
where we define the remainder

p AT Q) L 1S @)P (@) du(e) i p > 2
770 ifl<p<2.
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In such a way that
J J
1512500, = 15110y = SISk 0y = ISkcloy < G = D+ O + S R (3.1)
k=2

Using ||un||Lr(x) < r and Holder inequality, we obtain for 2 < k < p,

< jp_Qrp.

/ 181 ()Pt () Fdpa() < [ [ HZum

LP(X

Summing up both sides gives, for p > 2,

lp)

50 5 oo <5 (@)

k=2

wherefrom we deduce that Z o, R < BrPjP~! with B = th . (V). Inserting this in (3.1) gives

12850y < 1581l + Lo 0+ O) + ZRk
<{§Z+jp11(p+0rp)+}Brp if p > 2
5+ e (p+ CrP) if1<p<2.
Whence, this implies that lim;_, H%SjHLp(X) =0. O
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