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Abstract: This research introduces the Kantorovich-type fractional Baskakov operators defined via ¢-integers
and investigates their approximation properties. We compute the moments and central moments of these
operators and establish Korovkin-type approximation theorems along with estimates of their rate of convergence.
The analysis is carried out using tools such as the Lipschitz class, Lipschitz-type maximal functions, Peetre’s K-
functional, and the first- and second-order moduli of smoothness. Furthermore, a Voronovskaya-type theorem
is proved, and the weighted approximation properties of the operators are examined. Finally, a numerical
comparison of the proposed operators is presented, supported by graphical illustrations.
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1 Introduction

Positive linear operators have been extensively studied because they are useful in many areas of math-
ematics, such as functional analysis, operator theory, probability theory, and applied mathematics.
The systematic investigation of positive linear operators in approximation theory started with the
innovative study of S. N. Bernstein in 1912 [1], which introduced polynomial operators to approx-
imate continuous functions on the interval [0,1]. Motivated by Bernstein’s crucial work, numerous
generalizations and extensions have been introduced [2-6].

The Kantorovich version of positive linear operators is important in approximation theory be-
cause it makes classical operators work with integrable functions as well as continuous functions.
The Kantorovich modification substitutes pointwise evaluations of the function with appropriate in-
tegral means over small subintervals, in comparison with classical positive linear operators. They
also give a natural structure for looking into quantitative estimates like rates of convergence, moment
estimates, Voronovskaya-type asymptotic formulas, and Griiss—Voronovskaya inequalities. Because of
these benefits, Kantorovich versions have been thoroughly examined for different types of operators,
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such as Bernstein-Kantorovich operators [7], Szdsz-Mirakjan-Kantorovich operators [8], Baskakov-
Kantorovich operators [9], Lupasg-Kantorovich operators [2]. Recently Kantorovich operators based on
Hermite polynomials have been discussed in [10].

Fractional integrals are important for defining and analyzing generalized positive linear operators,
resulting in enhanced approximation outcomes for functions exhibiting limited regularity. Fractional
integrals lead to more precise estimates for rates of convergence, moment inequalities, and asymptotic
expressions, including Voronovskaya-type theorems. Also, operators based on fractional integrals
naturally expand approximation theory to larger function spaces, which makes the theoretical ba-
sis stronger and makes approximation methods more useful for problems in applied mathematics,
mathematical physics, and engineering. In recent years, numerous researchers have developed novel
Kantorovich-type operators utilizing the Riemann-Liouville fractional integral (refer to [11-15]). In
this work, we use specific notations and fundamental concepts of fractional g-calculus, adapted from
[16].

The theory of g-type operators has developed into a significant extension of classical approximation
theory by integrating the approaches of g-calculus, which offers an inherent framework for the separa-
tion and deformation of classical operators. These operators provide enhanced flexibility in managing
the approximation process through the introduction of the parameter ¢, facilitating a smooth tran-
sition between discrete and continuous contexts as ¢ — 17. Lupas ([17]) proposed the g-Bernstein
polynomials in 1987. Afterward, Phillips [18] introduced additional g-analogs of the Bernstein polyno-
mials for f € C([0,1]). In 2009, Aral and Gupta [19] described the g-analogue of Baskakov operators

" o i,
V(i) =) vpp(2)f | =7 ) (1.1)
kZZO K <qk lwq)

for functions for which the series converges, where g € (0, 1], z € [0, 00) and
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The Kantorovich variants of the g-Bernstein and g-Baskakov operators were examined in ([20, 21]).
There has been significant work on asymptotic results, statistical convergence, and integral variants
of g-Bernstein-type operators ([22-24]).

For ¢ € (0,1), n € NU {0} and x1, 22 € R, g-analog of the power function is defined as

H?:_(}(xl —z2¢’), n=1,2,...,

(371 — .’L‘Z)((In) =
1, n = 0.
If n € R then
_ €Tl — $2C]] +4 .
(LUl - x?)((ln) - ‘/L{L ] T — $2qn+j7 Lo # x?Qn J) for J = 07 1727 s
=0
For x9 = 0, (xl)((]n) = z7. For further discussion, we recall the definition of the Riemann-Liouville

fractional g-integral.

1
Ly(a)

(12 f)(x) = / @ — gD f(udgn, o € (0,00)

and (17 f) (1) = f(1).
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We consider the weighted function spaces associated with the weight function p(z) = 1 4 22,
z € [0,00). We define

Cp([0,00)) = {f € C([0,00)) : | fll, < o0},

where the weighted norm is given by

[f@) _ ()]

= Su = Su .
171 250 p() 2501+ a2

Furthermore, we consider the subspace

C3([0,0)) = {f € C,(0,00)) : Tim L&)

exists and is ﬁnite} .
700 p(x)

In [25], Kara introduced the fractional ¢-integral of Riemann-Liouville-type Szasz-Mirakjan-Kantorovich
operators. Motivated by this for a € (0,00), ¢ € (0,1) and f € C;([0,00)), we introduce the following
g-Riemann-Liouville-Baskakov-Kantorovich (¢-RLBaK) operators

o (ppy o Lal@r S~ o ey (2T R+ )
Vi) = M st [ 0wV w3

[n]q

where v, x(g; z) is defined as in (1.2). The operator V;* (f) is well defined for every f € C;([0,00)), as
established in Lemma 2.5. For different values of ¢ and «, ¢-RLBaK operators (1.3) reduce to various
types of operators (see Table 1).

Table 1: For different values of ¢ and «, g-Riemann-Liouville-Kantorovich-type operators

a=1,qg—1" Baskakov-Kantorovich ([9])
qg—1- Riemann-Liouville-Baskakov-Kantorovich [12]

g-RLBaK operators

The operators defined in (1.3) generalize the classical Baskakov—Kantorovich operators by combin-
ing g-calculus with Riemann—Liouville fractional integration. The parameters ¢ € (0,1) and o > 0 pro-
vide additional flexibility within this operator family. For o = 1, the classical Baskakov—Kantorovich
operators are recovered in the limit ¢ — 17. The present study establishes moment formulas, quanti-
tative approximation estimates, weighted convergence, and a Voronovskaya-type asymptotic formula
for the proposed operators.

2 Moment and Central Moment Estimates

Let Cp(]0,00)) be the space of all real valued continuous and bounded functions on [0,00) and
UCp(]0,00)) be the space of all real valued uniformly continuous and bounded functions on [0, c0).
We will use the following symbols throughout the paper. For m = 0,1,2,..., en(n) = pu™ and

Y1) = (5 — )™ for any 1z € [0, 00).
Lemma 2.1. ([19, 26]) Let ¢ € (0,1) and n € N, then for a given x € [0,00), moments of the
q-Baskakov operators (1.1) are given by

Vagleoiz) =1, Vyg4lensz) =z,

T n x2
Vn,q(€2§x> = m + [;_[nl]](ja
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- T (1+2g)[n+1], 2 4 [n‘i‘l]q[n‘i‘z]qxs

R 0 R A 0 A
x Hn 2\In n
Fralesia) = W+(1+3q;—3:[))§]2)[ +1]qx2+(1+2q+3qq5>[[n}; U +2]qx3
n+1gln+2]4n+3l; 4
+ q6[n]2 .

Lemma 2.2. Let a € (0,00), g € (0,1), n € N and f € Cp([0,00)), then for a given z € [0,00), we
have |Vt (f; )| < [|f]|, where the symbol || - || denotes the usual supremum norm on [0, 00).

Proof. Using the integral inequality, we get

Py(a+1) ¢ ! |, (alaF Kl + 1)
Vi (fo)l < B (g / (=g V| f [ —— )| dgn
Vil < Zp ey (@) | i ", q
r (Oé + ].) > ! -1
< [IfI=E vn,kq;x/ 1= qu){* Vg = || £,
1=y D melaia) 1= )~V = 11
which completes the proof of Lemma 2.2. O

Lemma 2.3. Let a € (0,00), ¢ € (0,1) and n € N, then for a given x € [0,00), we have the following

q"Ty(a+1) & (m) Lym—j+1) ,
Vo (em;x :7E )= - n)! Vi.q(ej; ),
al ) [n]7 = \J ¢Ty(m—j+1+ oz)[ JgVnalesi @)

where Vy, 4 is the g-analogue of Baskakov operators, defined in (1.1).
Proof. We immediately get

(6% °© 1 —k m
Ving(em;x) = WZUn,k(q; x)/o (1= qu)iY (W) dyps

k=0 nlq
Tyla+1) ¢" . <m> (=R [ / ' (o=1) m—j
= —0 Un k(g3 @ . a kg | (1—qu P dgp
Fq(a) [n]gn kgo k‘( )]ZO j [ ]q 0 ( )q q

_ wi m) Ly(m—j+1) [n)2 Vi.q(es; ),

mly 2\ @ m—j+1+a)
which is the desired result. O

Lemma 2.4. Let o € (0,00), g € (0,1) and n € N, then for a given x € [0,00), we achieve

o . _ (6% . J— q
Vn,q(SOax) =1, Vn,q(elax) =T+ [n]q[a T 1]q7
A (o) — [n+1]q 72 QQ“‘{aﬁ‘l]q T q2[2}q
”“(%)‘(qmq> +<hmm+m> T Bla + 2gla + 1,
o ¢*[314[2]4 3[2]44> 3¢\
Viig(esi®) = mma+mm+mww4h+<m+mww4b+l+m+u)vﬁ
<3[n+1]q (1+2Q)[n+1]q> LZJF [n+1]q[”+2]qx3
o+ 1, P e PmE
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o N q*[4]4[3)4[2]
Vo) = GEG T+ Syl + Aa T T,
4[3]q[2]qq3 6{2]qq &
(oo e e Y | O
+< 6[2]4q 4(1+2q)  (1+3g+3¢° )> [+ 1]g2
[a+2gla+1];  gla+1] 7 [n]3
4 (1+2q+3¢%)\ [n+ 1]y[n + 2]423
*(fm+u¢* % ) n[3
[n+1g[n +2]g[n +3]g 4
+ qﬁ[n]g T,
Proof. Using (1.3), we get
Vnofq(e ,1)=1.
We also observe that
a q
R R DTS
For ey, we obtain
o QF Oé + : ]) i
Vigese) = LTS (5) o A Ve

J=

. [anl]q 72 2q + [a + ]q T q2[2]q
- ( dﬂq> *([m4a+uq> T PR+ 2glo+ 1]

and for e3, we achieve

3
Ve (esim) = a+1 Z( >qu 4_ j]+) 5 RAZCES
q°[3]4[2]q 3[2)4q%x
[n]g [a+3 [+ 2]gla + 1] [] a+2gla + 1],

+ [
x n+1
—4—
a+1 q
+

i ) + 1] 22 [n l]q[n"‘Q]qu
*mg* 22 A F
_ ¢[3),12], 3(2],0° 39\ @
- [Jm+s1m+ Ma+uq+<m i >

+2}q[qa+1]q [a+1]q

<3[n+1] (1 +2q)[n+1]q>x2+[n+1]q[n+2]qx3
[+ 1]q q? [n)3 ¢l '
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Furthermore,
¢'T,( 4 ; .
Vi lessx) = F +1 ]ZO< >qu _]JJ)F a)[ 11V q(ej; )
_ q4[4 q[ ] [2]q + 4[3]q[2]qq333
[n];‘[a + 4]!1[0‘ + 3](1[04 + Q]q[a + 1](1 [n]ﬁ[a + 3]!1[0‘ + 2](1[04 + Hq
6[2],4> x [ 1a?
T+ 2l + 1, ([n]q alrl, )
4q K (1+2(I)[”+1}q$2 [n+1}q[n+2]qx3 T
Talla+ 1, <[n]3 2ln2 e ) o
L1430 +3)n+1g 5 (L+20+3¢°)[n +Ugln+2q 3
@3[nl3 enl3
4 [n + 1]q[26}‘n]2%q[" + 3]q 74
Thus,
a . _ q4[4]q[3]q[2]q
Yaale6 %) = G a+ 3lgla + e + 1],
N ( 6[2]4¢ 4(142q)  (143¢+ 3q2)> [n 4 1]2
[+ 2]g[a+1];  qla+1], ¢ [n]Z’
4[3]11[2]11(13 6[2]11‘12 4q T
+ ([a+3]q[a+2 o1, et latil, Jati, “) W
4 (1+2q+ 3¢%) [”+1]q[n+2]ql‘3
i (q2[a 1,7 ) ]2
I [n+ 1]61[2%‘”]2%61[” + 3]qx4_

This concludes the proof of Lemma 2.4. O

Lemma 2.5. Let a € (0,00), ¢ € (0,1), and n € N. Then the operator V.7, is well defined for every
f € C5([0,00)), where p(p) =1+ p? for all p € [0,00).

Proof. Let f € C;(]0,00)). By the definition of C}([0, o)), there exists a constant My > 0 such that
[f(] < Myp(p) = Mp(1+47),  pe0,00).
Since V', is a positive linear operator, we have
Ve (Fio)] SV (flw) < MpViE (1+ ;).
Using the linearity of operators qu‘q, we get
‘ { < vaojq(l_'_ﬂg;x) :Mf (Vrgq(eo;x)—i_vnofq(e%x)) :
Using the moment estimates established in Lemma 2.4, we obtain

o ih 1y 5, 20+[a+1y ¢*[2lq
Vig(fi2)] < M <1 LT [lgla+ 1]~ [n2[o+ 2l + 1]q) '
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For fixed a € (0,00), ¢ € (0,1), n € N, and x € [0,00), all the quantities on the right-hand side are
finite. Hence

[Vig(f32)] <

Therefore, V.7 (f; ) is well defined for every f € C;(]0,00)) and every z € [0, o0). O
Lemma 2.6. Let o € (0,00), ¢ € (0,1) and n € N, then for a given x € [0,00), we have

@ R q
Vn,q(d}x,l?x) - [n]q[a+ 1](1)

Vig(Vr2;7) = (qzq) + ([TZQ) T 122[]2i?a+ 1y’

a . _ q°[3] q2lq 3q Sz
Viiei®) = prer e Ut )

3 142¢ 1—¢q ):1:2 <1+q 1—q> 3
+ + + n + + 2,
<m+m 2 ¢ ")t \ et e

a (% 4, T )
q"[4]q[3]q[2lq 6[2]44> 4q z
= flil m+mm+mwwﬁb+<m+%m+uaﬂa+m*‘>Mg
N 62 L4 +29) 1+ 3¢+ 3¢ <4(1—q) 1+3q—q2>” a?
oz+2qa+1 gla + 1], e [0+ 1], e R ATE

+< q* qla + 1], q° Pla+1],

<q —2¢* + ¢ >[n]2+<q+3q2—q4>[n] +1+2q+2q2+q3 x4
¢ I ¢ ! ¢ [n]3

Proof. Using Lemma 2.4, we get

o (1+4q+3q P 4(1q)>[n] 1+3q+5q2+3q3+4(1+q)>$3
q [7

a R q
A TR

For 1, 2, we have

) = () oy (2t f

Q[n]q [n]q[a + 1]«1 [n]g[a + Q]q[a+ 1]11
—2z |z S 2
’ (*vmm+m>*
_ (= N (2],
- @m)*(w)*v&m+%m+m‘
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Using [n + 1], = 1 + ¢[n], and [n + 2], = 1 + ¢ + ¢?[n],, we obtain the third central moment in the
following way:

o L ¢*[3]4[2] 3[2]44° 3q ks
ViaWesi®) = pEpa [aq+2q] o (Ero ) o
3n+1]y  (1+29)n+1], >x2 n+1),n+2]; 5
[+ 1], o [n]2 Pz "
—3r [n+ 1] 72 2q + [a+1]q T qg[Q]q
; << PP ) *([n]q[awq) *[nmamq[awq)
ZCQ X 4 —.%'3
3 ( +[n]q[a+1]q>
_ q3[3]q[2]q 3q oz
= (e + 3o + 2o + 1], (” o+ 1] > ]2
Bn+1)y  (1+29)n+1,  3q[n], z?
*([awq T @ +1] 3“”‘?) )2
[n+ 1]g[n + 2|4 o 3[n +1], s
+< Flnf2 a0l *2)
_ q3[3]q[2]q
[n]3[a + 3]g[a + 2]g[a + 1]4
3q x 3 14 2¢q 1—qn Lz
*(“[amq) [n]f([amq* Z g ”‘Z> 2
14+¢ 1—gq 23
+<q3[n]g+q2[n1q> |
Furthermore,
@y 4[3]4[2)4¢° 6[2]44> 4q K2
VigWeiv) = ([a+3]q[a+2]q[a+uq ot 2yt 1, T ar ], ) BE
( 6[2]49 4(1 4+ 2q) (1+3q+3q2)> [n+ 1],22
[a+2]la+1],  qla+1], ¢ [H]S
q4[4]q[3]q[2]q
{”]3[04+4]q[a+3]q[a+2}q[a+1]11
( 4 (1—|—2q—|—3q2)> [n+ 1]y[n + 2),2°
¢*la+1]4 q° [n]3
[“ + 1]q[” + Q]q[” =+ 3]ql,4
¢5[n]3
q3[3]q[2]q 3[2]qq2 3q T
‘4”‘3<[n12[a+3]q[a+21q[a+ 0, <[a+21q[a+ T, e m) 2
2

[+ 1], q [n]qlo + 1]

(3[n+1]q (1+2q)2[n+1]q> 2 [n+1]q[n+2]qx3> o <x+ q
soat () + s g as)

)
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Using [n+ 1], = 1 +q[n]y, [0+ 2]y = 1+ g+ ¢%[n], and [n+ 3], = 1+ ¢ + ¢* + ¢3[n],, we achieve

Ving(Yea; )

[ ]q[?’]qmq + < 6[2]11(12 + 4q i 1) T
[n + 4]q [a+3] [a + 2]q[a + 1] [a+2gla+1]y  [a+1] [n]3
6[2], 4(1+2q) 1+ 3q + 3¢* (4(1—q) 1—|—3q—q2> x?
+ + + + —
<a+2 e+ 1,  dati, 7 o+ 1], 7 Il ]2
1+4g+3¢> -2 41— 1+3¢+5¢2+3¢ 41+ 3
N nf2 + < q 4q N (1-4q) ) inl, + q 5q ¢ | 2( q) x—3
q qloc+ 1 q ¢*le+1q ) [nl]
E -2+ o (a+3F—4* 1+2¢+2¢* +¢°\ «*
+< ( ¢ > iy + ( ¢ nlo + ¢ [n]3’
which finishes the proof of Lemma 2.6. O

We obtain Lemma 2.7 using Lemma 2.6.

Lemma 2.7. Let a € (0,00), n € N and g, € (0,1) such that g, — 1~ as n — oco. Then for a given

z € [0,00), we obtain
1

a+1’
lim [n)q, Vian (Yp2;) = 2?4,

n—0o0

lim [n]2 V2, (Ypa;7) = 32°(1 + x)%.

n—oo

lim [n]g, Virg, (¥,132) =

n—oo

Proof. For the first central moment, we obtain

lim [n]g, Vi, (e152) = lim [n]qn< In )Z 1

n—roo o [nlg, [+ g, a+1

Similarly, we achieve

st (G50 () e S ) -+

Since ¢, — 17 as n — oo, we get

lim [”]Zn ngn (%,4; )

n—o0

- <<1+3qg—qi>x2+ <1+4qn+43q%—2q2>$3+ <Qn+3%721_Q;11)$4>
n—oo qn qn dn

am () (27) )

Using the identity (1 — g,)[n]g, = 1 — ¢;; < 1, we obtain

lim [n]2 V2, (Yp4;7) = 32° + 62° + 32" = 32%(1 + 2)”.

n—o0
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3 Approximation Results

To study the approximation properties of (1.3), we first recall some definitions. For f € Cp([0,0)),
the modulus of continuity is given by

w(f;0) = sup sup |f(z+h)— f(z)l

0<h<d z€[0,00)
For f € Cp([0,00)), the second order modulus of smoothness is defined by

wa(f;0) = sup sup |f(xz+2h)—2f(x+h)+ f(z)|
0<h<é z€[0,00)

Let C%([0,00)) = {p € Cp([0,00)) : p/,p" € Cp([0,00))}, then Peetre’s K-functional K (f,d) is defined
as

K(f;0)=mf  {|f —pl+dlp"I}, ¢>0.
(9= nt  {If =l + o1l
Also by [27, Theorem 2.4], there exists a constant L > 0 such that
K(f;) < Lewa(f; V5). (3.1)

Theorem 3.1. Let a € (0,00) and g, € (0,1) such that ¢, — 1~ as n — oo. Then, for any T1 > 0
and f € Cp([0,00)), V;*, (f) uniformly converges to f on [0, T1].

Proof. Using Lemma 2.4 it is obvious that V;*, (eo; x) — eo(z), Vi, (e1;2) — e1(x) and V7', (e2;2) —

e2(z) uniformly. Hence, by the Korovkin theorem V%, (f) converges to f uniformly on [0, T3]. O

Lemma 3.1. Let o € (0,00), f € UCp([0,00)) and gy, € (0,1) such that g, — 1~ as n — oo, then
for a given x € [0,00), we get

Vi (f32) = @) < 20 (£ [V, (vraie).

Proof. Using the properties of modulus of continuity |f(u) — f(2)| < w(f;|pn — z|) and w(f;v9) <
(1 +v)w(f;0), where v is a positive constant, we achieve

Vi (fi2) = f(2)]
< [a]Qn Zvn,k(qu)/ (1—qnlu)(°‘ 1)

(e}

1
1
qn Z'Un,k dn; T /O (1 - Qnﬂ)gi_l) <1 + 5

=0
1
. a—1
. (1+5[a]anzzovn,k<w> [ a-aumi

Using the Cauchy-Schwarz inequality, we get

; <QH(Qn_k[k]q7z +u)> _ tw)| dy g

[]q,,

Qn(Qn_k [k]qn + 1)
(g,

Qn(QTbik [k}% + 1)
e

— X

>w(f;5)dqnu

dqnﬂ> w(f;0).

— X

Vinfio) = f0) < (14 5V (i) ) w(f:0).

Taking 6 = /V,¢, (¢z,2;2), we obtain the desired result. O

n,qn
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Lemma 3.2. Let a € (0,00), f € Cp([0,0)), ¢, € (0,1) such that ¢, — 1~ as n — oo and
p € C%([0,00)) then for a given x € [0,00), we have

Vit (052) = p(a)| < (Vity, (u252) + (Vigty, (15.2))%) |17,

where V&, (fix) = Voo (fi2) + f(z) — fF(Viig, (13 2)).
Proof. Let p € C%([0,0)), then by Taylor’s theorem, we get

n
(1)~ pla) = (= o/ 2) + [ (= o (0)o (32)
Applying V,2, ~on (3.2) and using linearity of V,f‘q , we obtain

N I Vian (152) N Y
Vin i) = 0w) = Vi, ([ o)) - [ (@, 0 - o) e
x xX
Using the triangle inequality and the integral inequality, we achieve

Vi, (:2) — pla)| < Vn‘fqn( ;x>>+ /Vﬁ""( Y ve ) — o) (o) do.

[ = oan

(3.3)
Now,
K /! 1 2 /!
(1 = v)p"(v)dv| < 5 (= 2)[lp"]].
x
As Vi, is a positive linear operator, we have
Vian (5) a /1 7
/ (V2 ()~ 0) @) do < p H/ 'V (50 — o)
< ( n,qn(wx,l;x)) Hp//”7 (34)
and y
Ve (/ (k= v)p" (v)dv ;l") < Vi, Wz 25 2) 10" (3.5)
Using equations (3.4) and (3.5) in equation (3.3), we obtain our result. O

Theorem 3.2. Let a € (0,00), n € N and ¢, € (0,1) such that g, — 1~ as n — oo, then for
z € [0,00) and any f € Cp([0,00)), there exists a real number L1 > 0 such that

Vi (Fi) = )] < Lisn (£5 50/ (U, i) + Vi, Wras)}) ) - (F: Vi, (i)

Proof. Using triangle inequality, we have

Vg, (fi2) = f(@)| = V2, (fs2) = f(2) + f(Vidy, (u52)) — f(2)]
< Ve (f =po)| + Vi, (pi2) — p(@)] + [p(z) — f(2)
1 Varg, (3 2)) = f ()] (3.6)

Using the linearity of V¢, ~and the triangle inequality, we get

Vi, (f = pi2)| < Vi, (f = ps )| +[(f = p)(@)] + |[(f = p)(Vieg, (s 2))| < 3]If —pll. (3.7)
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Using Lemma 3.2, inequality (3.7) and the property of modulus of continuity in (3.6), we obtain

Vg (F32) = f(@)] S Alf = pll + (Viey, (Wa2s ) + (Vg (o3 2))?) 10"l + 0 (f3 Vidg, (W13 2)) -

Taking the infimum over all p € C%([0,00)) and using (3.1), we achieve

Vg, (f32) — f(2)]
, B (Ve (Yeoix) + (Ve (Ver;2)?), |
<4t (Hf ol + : 19711 ) + 0 (5 Vi (Wt )

— 4K <f; (Ve (o2 2) + (V2 (bonia) ))+w(f, VO (i)

< Len (£ Vit i ) + (Vg (0 ) )+ (£33 (i)

Therefore, for any f € Cp([0,00)), one can obtain the desired result. O

In the next theorems, we get a local approximation of the class of Lipschitz functions.
Lipschitz class is defined as

Lipp(§) = {f € Cp([0,00)) : |f(x) = f(2)| < D]z — 2|* for all 2,z € [0,00)},
where D > 0 is constant and & € (0, 1].

Theorem 3.3. Let o € (0,00), z € [0,00), £ € (0,1] and gy, € (0,1) such that ¢, — 1~ as n — oo,
then for every f € Lipp(§), we achieve

[S]72%

‘V ,qn( ) f(l‘)‘ <D (Vnofqn(wx,%x)) )
where D s a positive constant.

Proof. Using the definition of the Lipschitz class, we obtain

Vivga (F32) = f ()]
<Vn°‘qn(|f( ) = f@)];2)

1
k=0

f (qn(qn_"”[k‘}qn +u)> )

rs

g o

alg, Zvn,k(qn;:v)/ (1= gup)ie tnltn” W, £11) _, dy,
k=0 0 [n]Qn
Applying Holder’s inequality and choosing p = % and r = 2275, we have
£
‘V ,qn ) - f(x)’ < D (Vnofqn(wx,% JJ)) 2,
whence the result. O

Lipschitz-type maximal function of order ¢ was introduced by Lenze [28] as

[f(n) — f(=)|

—e o fe0

Pe(f;x) = sup

pel0,co) e M
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Theorem 3.4. Let a € (0,00), f € Cp([0,00)), £ € (0,1] and g, € (0,1) such that ¢, — 17 as
n — 00, then for all x € [0,00), we obtain

[N

| nqn( ) ( )|<90§(f7 )( nqn(d}IQa ))

Proof. Using the definition of the Lipschitz-type maximal function, we obtain

| nqn< ) f(x)‘ = nqn(|f( ) ( )‘ )<(p§(f 1’) ,qn(‘:u’_m’£ )

Applying Holder’s inequality and choosing p = % and r = 227, we achieve

[N170%

Vi (Fi2) = f(@)] < @e(fi2) (Ving, (Vn2; )

4 Weighted Approximation

Theorem 4.1. Let a € (0,00) and g, € (0,1) such that g, — 17 as n — oo, then for f € C5([0,00)),
we achieve

T [V, (f5) — FC)llp = 0.
Proof. Since Vnofqn(eo;m) =1, we have

lim [[V.7%, (eo;-) —eo()]l, = 0.

n—0o0

For ey, we obtain

Jim Ving. (e15-) —er()llp < Jim (M) '

Hence
lim || nqn(el; ) - 61(')”/? =0.

n—oo

Similarly for e2, we achieve

lim ” nqn(ez; ) - 62(')”0

o . 1 2qn + [+ 1], a2[2]q,
§$m<%m%+<mmm+u%>+m&m+m%m+m)
=0.

By the Korovkin theorem [29] on weighted approximation, for any f € C}([0,00)), we get

lim V2, () — £O)ll, = 0.

n—oo
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5 A Voronovskaya-Type Result

Theorem 5.1. Let a € (0,00) and g, € (0,1) such that ¢, — 17 as n — oo. Then for any
fe C;([O’ o)), f, f" € C;([O,OO)), we have

1 2?2+

T 1l Vi, (F30) = F@)] = — /(@) + T2 1" (),
Proof. Using Taylor’s formula, we have
)2
Fl) — £(@) = (= )@+ L ) () - )2 (1)

2

where r(-,z) € C}([0,00)) is a Peano form of remainder and E_rg r(p,x) = 0. Now
fp) = fl@) = f(2)(p — ) — 5./"(2)(u — 2)°
(n—x)? ’

Since f € C%([0,00)) C C,([0,00)), there exists My > 0 such that |f(u)| < Ms(1 + p?). For fixed z
and p > max{1,2x}, we have (u — 2)? > p?/4 and

r(e) = .

L @) - 0)? < AL+ 4 122),

My(L+ p®) + [ f @) + | @)+ 2) + 5

for some constant A/, > 0 independent of u. Hence

1 1
r(p, )| < 44, <1++>.
[, ) ” R

Thus, |r(u,z)| < 4C% with C, = 3A. for all sufficiently large p. By the continuity of (-, z), it follows
that |r(p,x)| < Cy for all u > 0, for some C, > 0. Hence

2 2
0< lim Mghm&_
p—oo 1+ p? p—oo 1 4 p2

Thus,
r2(-,x) € C;([O,oo) i

)
Applying the operator V', to both sides of the equation (5.1), we obtain

Vit (Fi) — @) = F @V, i) + LV, i) 4 V2, () = 2)%2). (5.2

Using the Cauchy-Schwarz’s inequality, we have

\Vngfqn(r(u,x)(u—x)2;x)y§\/V,gjq (.43 ) \/ (r2(, z); ).

Multiplying both sides by [n],,, we get

[Pl Vi (r10,2) (1 = 2)%52)| < [0l [ Vitg, (V43003 Vi (200, 2); )

Using Lemma 2.7, as ¢, — 17, we have

lim [n]g, \/ Vi, (Yz457) = V3z(1+ ).

n—oo
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Moreover, since
lim V¢

oo n,qn(r2(lu’7x);$) = 7“2(1‘733) =0,
we obtain

Tim [nlg, Vi, (r(n.2) (0 — 2)%5) | = 0.
Taking limits in equation (5.2) and using Lemma 2.7, we have

lim [n]g, [V, (fi@) — f(x)]

n—oo

an*[2)gn > !

-t (e ((0) = st

x2+x "
(@),

f”(ﬂﬂ))

1 !
= T—Hf () +

This completes the proof. ]

6 Graphical Representation and Numerical Comparison

Example 6.1. Consider the function f(x) = Ta? —x, v € [0,5]. Here we take q = g, = 1 — #, and

vary the values of a and n.

Table 2: Maximum error |[V;*, (f;) — f(-)|lec on [0,5] for a € {1,10,100}
and n € {100,500, 1000}

From Table 2, we can observe that the numerical results support the theoretical findings. The conver-
(f;z) to f(x) for different values of n is illustrated in Figure 1.

gence of operators V19

n =100 | n =500 | n = 1000
a=1 2.4575 0.4895 0.2446
a=10 2.1737 0.4330 0.2164
a =100 | 2.1175 0.4218 0.2108

n7q’ﬂ
200
— f(x
150 b
10
[ Vsan
i 10
100 Visa,
[ 10
I — Voo g,
50

Figure 1: Approximation to f(x) by V!0

n,qn

(f;z) for n € {5,20,100}
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50l

[ — (X
a0l 9

: 5

N Vﬁ-ﬂ'n
0k

L 50

i Viza,

L 50
20f — Vv,

10

0.5 1.0 1.5 2.0 25 3.0

Figure 2: Approximation to f(x) by V2% (f;z) for n € {6,12,36}

n,qn

Example 6.2. Consider the function f(x) = 5x° + %, x € 10,3]. Here we take ¢ = ¢, =1 — ein, and

changed the value of o and n. The convergence of operators Vr?,?zn (f;x) to f(x) for different values
of m is illustrated in Figure 2. Figure 2 shows that the approzimation to the function via operators
q-RLBaK improves as the value of n increases. In other words, the error is minimum for the largest

value of n.

Table 3: Maximum error [|[V;, (f;-) — f(+)[lec on [0, 3] for o € {0.5,5,50} and
n € {6,12, 36,100, 500, 1000}

n=6 |n=12 | n=36 | n=100 | n=1500 | n = 1000
a=0.5]13.5034 | 6.6854 | 2.2243 | 0.8003 0.1600 0.0800
a=>5 |10.9293 | 5.4185 | 1.8057 | 0.6500 0.1300 0.0650
a=>50 | 10.1857 | 5.0492 | 1.6830 | 0.6059 0.1212 0.0606

The results in Table 3 provide numerical evidence supporting the theoretical results.

7 Conclusion

This paper presents the fractional version of Baskakov—Kantorovich operators as novel generalizations
in the context of g-calculus. We established their essential approximation characteristics by calculating
moments and central moments, and verified Korovkin-type convergence results. Using the Lipschitz
class, Lipschitz-type maximal functions, Peetre’s K-functional, and modulus of smoothness techniques,
we obtained quantitative estimates of the rate of convergence. Further understanding of the operators’
local approximation behavior was made possible by the Voronovskaya-type asymptotic theorem and
the weighted approximation results showed that they work well on unbounded intervals. The numerical
and graphical results illustrate convergence for the selected test functions as n increases. The tabulated
errors also show that larger values of « yield smaller maximum approximation errors for the examples
and parameter values considered.
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8 Future Work

The examination of g-fractional Kantorovich-type operators opens several promising directions for
future research. One potential extension involves the creation of Stancu variants of the proposed
operators to introduce additional shape parameters. Another interesting path is to create bivariate or
multivariate analogues for use in surface approximation. It may also be useful to look into statistical
and weighted statistical convergence properties to make them more useful in probabilistic approxi-
mation theory. Additionally, examining these operators within the framework of (p, ¢)-calculus may
provide more profound structural insights. Applications to numerical solutions of fractional differential
and integral equations constitute a significant area for future investigation.
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