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Abstract: In this work, we examine a family of abstract neural network operators in a multivariate setting,
defined on compact subsets of RY and taking values in general Banach spaces. These operators are constructed
using a symmetric density derived from a modified logistic-type activation function with adjustable parameters.
Within the framework of positive linear operator theory, we provide quantitative convergence estimates towards
the identity operator. Our results are formulated using tools such as the modulus of continuity and Fréchet
derivatives. Furthermore, we offer a detailed discussion on the behavior of the operators when applied to convex
functions. This article reflects both the author’s contributions to the field over the past 30 years and some recent
developments in neural network approximation theory.
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1 Introduction

Since 1985, the author has been actively involved in the quantitative analysis of how positive linear
operators approximate the identity operator; for background, see [1-7]. His earlier contributions
were grounded in studying the weak convergence of finite positive measures toward the Dirac delta,
employing geometric moment techniques (cf. [2]). These efforts resulted in optimal upper estimates,
including sharp Jackson-type inequalities (see [1], [2]). Over the years, the author’s investigations have
evolved across both univariate and multivariate frameworks. Furthermore, since 1997, the author has
also developed a line of research devoted to analyzing the convergence behavior of neural network
operators. This has led to a considerable number of scholarly outputs — articles as well as monographs
(e.g., [3], [>-7]) — which form the theoretical basis for the present work. The various neural network
operators examined in those studies are inherently positive linear in nature.

In this study, multivariate-abstract neural network operators are for the first time treated explicitly
within the framework of positive linear operators. As a consequence, established techniques from the
theory of positive linear mappings can now be applied to these finite-sum-based neural operators,
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yielding novel and meaningful results, both in terms of pointwise behavior and uniform convergence.
The application of the Riesz representation theorem links the neural operator construction to measure-
theoretic principles. Moreover, when the target function possesses convexity, one can derive even
sharper and more refined bounds.

The adoption of a perturbed generalized logistic function as the activation mechanism is thoroughly
supported by the literature, especially in [6] (see Chapters 15 and 16). The generalized logistic function
itself is known for its robust and effective behavior and remains one of the most widely employed
activation functions in this field. The symmetrization method introduced in this article is designed
to enhance the speed of convergence of the proposed operators toward the identity, even when only
partial data input is utilized.

This article introduces, for the first time, a theoretical link between two major fields: neural
network approximation, which is an essential component of artificial intelligence, and the theory
of positive linear operators, a fundamental area within functional analysis. Due to its theoretical
nature, the work primarily targets experts familiar with these domains. The author acknowledges
the significant influence of classical contributions such as [13] and [14]. For foundational insights
into neural networks, readers may consult [9-11] and [15-17], while for more contemporary studies,
references [18-27] provide valuable developments.

2 Basics

We begin by referring to the framework outlined in [6, pp. 395-471]. In our case, the activation
mechanism is defined through a generalized logistic-type expression that depends on the parameters
q and X as follows:

Pg () r€eER, g, A>0, A>1,

- 14+ qu)\x )
where the function represents an A-extended version of the classical logistic function. For more read
Chapter 16 of [6]: “Banach space valued ordinary and fractional neural network approximation based
on g-deformed and A-parametrized A-generalized logistic function”. Our present study is inspired in
part by the material presented in Chapters 15 and 16 of [6].

In our construction, we introduce a “symmetrization method” designed to operate with a reduced
data input, effectively utilizing only half of the available feed for the neural network. To implement
this, we define the density function as

1
G (1) == 5 (gr (z+ 1) =g (z 1)), zER, ¢,A>0,

2
which plays a central role in the formulation of our operators. We observe the following properties:
Goa (-2) = G, (2), (2.1)
and
Gi1,(—x)=Ggx(x), Yz eR. (2.2)
q7

Adding (2.1) and (2.2) we obtain
Gy (—2) + G, (—2) = Gy (2) + G1y (7)), VT €R,
q q

which gives that
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is an even function. Also this function is symmetric with respect to the y-axis. The equality (16.18)

of [6, p. 401] shows
a loggq) AN —1
P\TN ) T 24+ 1)

which corresponds to the global max of Gy ). Similarly we get

G IOgA% _ —logaq\ AN —1
AT )T T ) T 2(AN+ 1)
which is the global max of G 1y
Theorem 16.1 of [6, p. 401] gives

Z Gor(x—i)=1, Vz eR, X\,g>0, A>1,
and

Y G (@—i)=1, VzeR A\g>0, A>1.
L

1=—00
Hence, we get

Y Ww-i)=1, VzeR.

1=—00

Theorem 16.2 of [6, p. 402] implies
o0
/ Gox(z)de =1, X\,g¢>0, A>1,
—o0

and hence ~
/ G, (x)dx =1,
oo
so that

/_ZW(m)d:vzl,

i.e., W is a density function.
We also get the next result from Theorem 16.3 of [6, p. 402]:
“Let 0 < a < 1, and n € N with n'=® > 2. Then

> 1 1 ~ A=A (nl7o=2
Z Gq7)\(n:v—k:)<2max{q,q}A>\(nla_2):fyA ( ),
k=—o0
Inz — k| > nl=®
where A\,q >0, A > 1; 7 := 2max {q, %}.”
Similarly, we observe
i o by < Mo 2)

1y (e —k) <yA .
q

= —00
Inz — k| > nl=®
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Therefore, we derive
oo

> W (na — k) < FA772),

k= —o0
Inz — k| > nt=®

where 7 := 2 max {q, %} As usual, [-] represents the smallest integer greater than or equal to the

given number, while |-] denotes its greatest integer less than or equal to it.

By Theorem 16.4 of [6, p. 402] we have:

“Let € [a,b] C R and n € N so that [na] < [nb]. For ¢ > 0, A > 0, A > 1, we consider the
number A\; > 29 > 0 with G, x (20) = G¢x (0), and A; > 1. Then

1 1
< max =: K (q)."

anbJ o (nz — k) Gor(\) ' @ A (A;)

k [na] %,
holds.” Similarly, we consider A1 > z; > 0, such that G1 , (21) = G1 , (0), and A1 > 1. Thus
q q’ ’ q

—_

1
q

1 1 1

< max , - K (q)
Z}Enbgm Gl)\(nx—k) GLA()\l) Gy (Ag)
q q’ q

Hence

[nb] )

Z Gy (nx — k) > T’

k=[na] q

and

[nd] )

Z Gi,(nz—k)>———.

k= fna.‘ e (q)
Consequently it holds
[nb) (Gq,)\ (nx — k) +G1, (nx — k)) 9 .
q’ > _
2 21K K ,
k=[na] (Q) q)
so that X
(G ( k) G ( k‘)) < K (q) )
nb g (nT—Fk)+ %,)\ nr—
leé: %na] 2
that is )
< K (q)

nb
S W (na — k)
So, we have proved
Theorem 2.1. Let z € [a,b] C R and n € N so that [na] < [nb]. For ¢,A > 0, A > 1, we
consider A\q > z9 > 0 with Gy (20) = Gga (0), and Ny > 1. Also consider )\% > z1 > 0, such that
G1,(21) =G1,(0), and A1 > 1. Then
q’ a’ q

S W (n — k)
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We state

Remark 2.1. (I) Remark 16.5 of [6, p. 402] implies that, for some x1,x2 € [a, ],

(I1)

[nb]
lim Z Gy (nxy — k) #1,

n—oo

k=[na]
and
[nb]
nh%n;o Z Gé7/\ (nxg — k) #1
k=[na]

hold, which gives
[nb] (Gq)\ (nxy — k) +G1y (nxg — k))
q)

i > 2 71
k=[na]
Hence
Lnb) <Gq7)\ (nz1 — k) + Gy (nay — k:))
. q7
Jm, D ; Al
k=[na]
even if

Lnb)
lim Z Gi, (nxy —k) =1,
q7

n—00
k=[na]

because then
[nb]
. Gq,,\ (nwl — k‘) 1
1}1_{20 E — "+ 5 #1,

2 2
k=[na]
equivalently
Lnb)
. G by (na:l — k‘) 1
I S R R VA
D
k=[na]
true by
Lnb)
lim Y Goa(nzy —k) # 1.
k=[na]
For a given interval [a,b] C R and a large number n, we assume [na] < |nb|. Alsoa < £ <b,

iff [na] < k < |nb|. Then, we get

Lnb)
Z W (nx —k) <1.

k=[na]

We now turn our attention to the multivariate setting, taking Chapter 15 of [6, pp. 365-394] as a
guiding reference. Accordingly, we proceed as follows:
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Remark 2.2. Defining
N N N LN
Z (21, ) = Z (z) = 1:[1 W (@) = 3% U1 (Gq,A + G%,A) (),
= (x1,...,25) ERY, X\ ¢g>0, N €N, we get:
(2) ~
Z(z) >0, VzeRY,
(i2)
Yo Z@-k)= > > > Z(@m—ky .oy —ky) =1,
k=—oc0 k1=—00 koa=—00 kny=—00
k:=(ki,...,kn) €ZN,V z € RV,
(ii)
w ~
Z Z(nx —k) =1, (2.3)
k=—0o0
VzeRNV neN,
(i)
/ Z(z)dz =1,
RN
that is Z is a multivariate density function.
We denote |z||,, = max{|z1],...,|zn|}, 2 € RY, 00 1= (00,...,00), —00 := (=00, ..., —0),
’Vna~| = (fnaﬂ PRRAT ’—TLG,N—D, Lan = (L?’Lle 00y L?’LbNJ), a:= (ala -'~7aN)7 b:= (b17 7bN) :
We immediately observe that
[nb] _ [nb] N [nb; |
Z Z (nx — k) = Z ( W(n:rz—k,,)>:H Z W (nx; — k;)
k=[na] k=[na] \i=1 =1 \ k;=[na;]
(v) Then we have
[nb| _ s
Z Z (nx —k) < WA_)‘(" _2), where 0 < 8 < 1,
{ k= |na
1% =l > 25
0<B<1,n€N:n1_5>2,x€Hij\il[ai,bi].
(vi) We get the next inequality:
1
0< <= < (K @)", (24)

F—(na) 2 (nx — k)

Ve <HZ]\L1 [ai,bi]>, n € N.

It is also easy to see that
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(vit)

[e.9]

3 Z (nx — k) < A~ M 77=2), (2.5)

{ k= —o0
1% = 2lle > 2

0<ﬁ<1,nEN:n1_5>2,x€Hi]\il[ai,bi].

Furthermore it holds

[nb]
nh_}n;()kz[: | Z (nx — k) # 1,

for at least some = € (Hf\il [a;, bl]> .
Here (X, Il Il > is a Banach space.

Let feC (Hz 1 lai, b ,X) , = (x1,...,TN) € Hfil [ai,bi], n € N: [na;] < |nbi|,i=1,..,N.

We introduce and define the following multivariate linear normalized symmetrized neural network
operator, let x := (x1,...,xxn) € [, [ai, bi]:

nb >

ZII; %na] (k) Z (7’L$ - k)
Zk Tnal Z (nx — k)
b1 [r2b2] [nb ] k1 k

Zklzl[nal] z ? na21 ZkN N[naN <W, ceey >

I ( ,E’;iﬁw (G (s = ki) + Gy (i — ) )

X <ﬁ <Gq,)\ (nz; — ki) + Gé,x (nx; — k:ﬂ)) )

‘11181(.)[‘73:17'”7‘7:]\7) = \Ilfl(fvx) =

3‘2

i=1
For large enough n € N we always obtain [na;| < |nb;|, i = 1,...,N. Also a; < % < by, iff
[na;] <k <|[nbi],i=1,...,N.
When g € C (HZ 1 lai, bz]) we define the companion operator
~ S g (5) Z (na— k)
W3 (g,7) = = [nb] () . (2.6)
f—(na] Z (nz — k)
Clearly \Tf;i s a positive linear operator. We have that
_ N
\I/Z (1,1‘) =1, Vze H [ai,bz-]
i=1
Notice that V3 (f) € C (Hz 1 lai, bi ,X) and U (g) € C <HZ 1 [al,bl]> :
We also get
195 (£l < @5 (1711, 2) (2.7)

Vo el [aibi,
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and
U (cg,x) = U8 (g, ), VmEHaZ, i (2.8)
and
U’ (c)=¢c, YeceX. (2.9)
Set also
[nb]
Wy (for) = ) f< > (nx —k). (2.10)
k=[na]

Consequently we derive (by (2.4))

[nb]

WS (f,2) — £ (2)| < (K (@) "5 (f.2) — f(2) Y Z(nw—k) (2.11)
k=[na]
v o e (TTX, faibi]).

We will estimate the right hand side of (2.11), when X = (C,||), the complex numbers.
For the last and others we need

Definition 2.1. (see [5, p. 274]) Let M be a convex and compact subset of <RN, H'”p), p € [1,00],

and (X, HHV> be a Banach space. Let f € C (M, X). We define the first modulus of continuity of f
as
w(£,6)= s f@) = FWl,, 0<8 < diam (M), (2.12)
x,y €M :
|z —yll, <o

If 6 > diam (M), then
w1 (f,0) = w1 (f,diam (M)) . (2.13)

Notice wy (f,d) is increasing in 6 > 0. For f € Cp (M, X) (continuous and bounded functions)
w1 (f,0) is defined similarly.

Lemma 2.1. (see [5, p. 274]) We have wy (f,0) = 0asd | 0, iff f € C (M, X), where M is a convex
compact subset of <RN, H-||p), p € [1,00].

3 Abstract Korovkin Inequalities

All here in this section come from [4] and [5], Chapter 10, pp. 261-281.
We give

Remark 3.1. Let (Rk, ||-Hp>, k € N; where [-[|,, is the Ly-norm, 1 < p < oo. R* is a Banach space,
and (Rk)j denotes the j-fold product space RF x ... x R¥ endowed with the maz-norm H:I:H(Rk)j =

kI
113)2\1)( |2ll,, where x == (21, ..., x5) € (RF)”.
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Let (X, H||7> be a general Banach space. Then the space L; := L; ((Rk)j ;X) of all j-multilinear

continuous maps g : (Rk)j — X, j7=1,...,n, is a Banach space with norm

lg ()l

loll =gl == swp g (@)lly = sup — .
L R PPN

:17| (]Rk)j =1

Let M be a non-empty convex and compact subset of RF and xo € M is fized.
Let O be an open subset of R¥ : M € O. Let f : O — X be a continuous function whose Fréchet

derivatives (see [12]) fU): 0 — L; = L, ((Rk)j ;X) exist and are continuous for 1 < j <mn, n e N.
Call (x — z0) = (x — xo, .., x — 0) € (]Rk)j, x € M.

Here we deal with f|p.

Then by Taylor’s formula (see [8] and [12, p. 124]), we get

nor) — zq)
= Z 17 (o) ,(':E %) + R, (z,20), allz e M,
where the remainder is the Riemann integral

1 —u n—1
Ry (x,20) := /0 M (/) (o + u (@ = 20)) = 1) (w0) ) (& = w0)" ds,

here we set fO) (zo) (x — 20)° = f (o).

Considering
W= wp (f("),h) = sup Hf(n) () — f™ (y)],
z,yeM:
lz—yll,<h
we obtain

H( (o +u(x —x0)) — f(n) (x0)> (x — 20)"

£ (@0 +u @ —w0)) = £ (o) - e = aoll

ulle — ol
wllo =y |

by Lemma 7.1.1 of [2, p. 208|.
Therefore for all x € M (see [2, pp. 121-122]):

o

IN

IN

ulx — onp" (1-— u)”_ldu

1
Rn ) S - n
o 0l < wllo — oy [ 2] G20

= wd, (Hx . xoup)

by a change of variable, where

o gt x
@n(t):_/o [J%_i)ds—i SOt —gh) |, VieR,

J=0
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is a (polynomial) spline function, see [2, pp. 210-211]. Also from there we get

’t|n+1 ‘t‘n h’t’n_l
o, ()< | g0 B ) yieR,
()<m+nm+2m+8m_n! €

with equality true only at t = 0. Therefore it holds

(o)l < o (1220l Tl Bl Zsolb T
AT Py = (n+1)h 2n! 8(n—1) |’ '
We have found that
Fly - S 90 @ o)
il
=0 I ,
lz —aolly™ Nl —wolly  hllw— ol
< () p, P P P 3.1
—wl(f ’ )( m+ D T 2l T 8mo1 )% (3:-1)

Vx,xg € M. Here 0 < wy (f(”), h) < 00, by M being compact and f™ being continuous on M.
One can rewrite (3.1) as

n+1

" J0) () - ) o oy (ol ol = ol
f(-)—; i <wr (£, 1) T Oh Tl T smoy )

~

(Vzo € M), a pointwise functional inequality on M. Here (- — xo) maps M into (Rk)j and it is contin-
uous, also f9) (z¢) maps (]Rk)J into X and it is continuous. Hence their composition f9) (xo) (- — 20)’
s continuous from M into X.

Clearly () — S 120 =200" ¢ 0 (M, X), henee | () — Sopg 12 d=z0l”

eC(M).
-
We mention the following fundamental approximation result.

Theorem 3.1. Let M be a nonempty compact convexr subset of the open subset O of (Rk, ||-Hp>,

1 <p < oo, and let (X, H||,y> be a general Banach space. For any N € N let the linear operators
Ly :C(M,X)— C(M,X) and the positive linear operators Ly : C (M) — C (M), such that

1Ly () @oll, < (Zw (1I£1,) ) (o)
VNeN,V feC(M,X),V xog € M. Furthermore assume that
Ly (cF)=cLy(F), YVFeC(M),VceX.

Let n € N, here we deal with f € C™ (0, X), the space of n-times continuously Fréchet differentiable
functions from O into X.
Here we study approzimation to f|as.
Let x,xo € M, r > 0, and
wi (F0,0) == sup || £ (@) = 1 ().
x,yeM:
lz—yll,<h

Then
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(2) additionally if @) (r9) =0, j=0,1,...,n, we have
(LN (f)) (zo)ll.,

%wl (f(”)ﬂn ((EN (H — onZ*l) (560))"11> ((EN <|| — $0‘|Z+1)> (xo))("nl)

[ h o)) (o) )]

IN

3)
I(Ex (1)) (0) = f (@)l
< 1f o)l |(Tn (1) (e0) = 1|+ ZJ, | (Ex (59 (@) ¢ = 20)") ) (o)
o e (10 (B ) ) ) (B ) )
. [(nil) 2 (B ) 0) ™+ 2 ((Ty ) 00) ™. (32)
4)
e =1 Hllfll | lE ) =1,
3l (9 e )l |
o (s =)
() ] 2
X [(71"11'1)+2HEN(1) iL+T§)‘5N(1) :ilw] (33)
We need

Lemma 3.1. The function (EN (H - acoH;n)) (x0) is continuous at xog € M, m € N.
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Remark 3.2. We also have

[Ex (1=l @ <[ (1= wolz)) @02 [Ev ] S5 aa)

forallk=1,...,n.

Conclusion 3.1. Let N — oo and Ly (1) 5 1, uniformly, and

H (EN (H - $0HZ+1>> (xo)H v 0. Then by (3.3) we get, as N — oo, that L, (f) < f, uniformly
00,L0E

in |-, over M.
The last statement is also supported by

(o (9 0~ 07)) o = [ (1 ) )

oo, x0EM

and (3.4). Here notice that HEN (1)H turns out to be bounded, and w; (f(”), 1) is also bounded.

oo,M
Conclusion 3.2. By (3.2) we get the following: as N — oo, assume that (EN (1)) (z9) — 1, and

((ZN (” —330||Z+1)> (x0)> — 0. Then (Ly (f)) (x0) = f(x0), as N — oo, pointwise. Notice that

here (ZN (1)) (x0) is bounded with respect to N, as well as w; (f(”), -) is bounded in general.

Corollary 3.1. (to Theorem 3.1, case n =1, see (3.2)) Additionally assume that <EN (1)) (x0) =1,
Y xog€ M. Then

1)
(e (1) @o) = F @l < | (T (59 @0) - = 20))) (ao)|
# g (700 (B (1= i) o))
x ((EN<w_amﬁ))@m»§[1+r+fj]
2)
N D) = Al < [ (Ex (797 ) € = 200)) )] .
o g (P00 | (= o)) )
s (o)) 9 [ ]
We need

Lemma 3.2. (see [2,p.208]) Let M be a convexr compact subset of (Rk,H-Hp), p € [1,00], and
(X, ||HW> be a general Banach space. Let f € B (M, X) (bounded functions). Then

I = oll, [ = oll,

1 @) = f o)l < wi (f,h) [h] < (1) (1 ; h) CveeM,  (33)

where h > 0.
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We present the basic pointwise convergence result

Theorem 3.2. Let Ly : C (M, X) — C (M, X) be linear operators, V N € N; where M is a convex
compact subset of (Rk, ||-||p>, p € [1,00], and (X, ||H7) is a general Banach space. Let Ly : C (M) —
C (M) be positive linear operators, such that

1L (£) @olly < (n (I£1,) ) (o).
VNeN, VY feC(M,X),Y xye M. Furthermore assume that
Ly (cg) =cLy(g), YgeC(M),VceX.
Then
1L () (o) = £ o), < IF o)l | (B (1) (o) = 1]
+ [(Ev ) @o) + 1] wr (£ (Zw (I = oll,) ) 0)) . (36)

Vf e C (M, X). By (78), as (ZN (1)) (z0) — 1 and (EN (H- - x0||p)> (z0) = 0, then (L (1)) () 5
f(xo), as N - o0,V f € C(M,X). Here notice that <EN (1)) (x0) is bounded.

Corollary 3.2. All as in Theorem 3.2. Additionally assume that (EN (1)> (x0) =1,V ao € M. Then
1L () (@0) = f @o)ll, < 21 (£, (I (I = woll,) ) (@), ¥ feCMX).  (37)

Next we obtain the following uniform convergence result.

Theorem 3.3. All as in Theorem 3.2. Then

IN

iy =1l Hr\frw\w\(i]v<1>—1HOO7M

n HEN(l) +1H
oo, M

(s (st el ) 69

Conclusion 3.3. By Lemma 3.1 (ZN (H - 370Hp>> (x0) is continuous at xg € M. Thus

X

VfeC(M,X).

H(EN (H —a:oHp>> (xo)H Yy < oo As N — oo, we assume that Ly (1) % 1, uniformly, and
00,T0E
H(EN <||-—:U0Hp)) (azo)H v 0, then L, (f) = f, uniformly on M,V f € C(M,X). Here
00,T0E
HZN(I)H is bounded.

Under convexity we have the following sharp general pointwise convergence result. Here MY
denotes the interior of M.
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Theorem 3.4. All here as in Theorem 3.2. Additionally, assume that xo € M°, and the closed ball
inR*: B (mo, <LN (H- - xng)) (m0)> C M, where (LN (H- . :B()Hp>> (w0) = 0, and ||f (1) — f (z0)]],

is conver int € M. Then
I(La () (@o) = £ @o)ll, < 1f @o)l, | (Zov (1)) (o) = 1| + w1 (£ (T (- = 2oll,) ) @0))  (3:9)
vV N eN.

Theorem 3.5. All as in Theorem 3.4. Inequality (3.9) is sharp, in fact it is attained by f(t) =
i It —oll,, 7 is a unit vector of (X,||-H7>, te M.

4 Main Results

In this section we apply the results of Section 3 to the linear neural network operators W7 and \Tlf;,
n € N, of Section 2. In fact W7 are positive linear neural network operators, with the property
Us (1) = 1. Also (2.7)—(2.11) are valid.

N
From now on M = [] [ai, bi] C (]RN, ||-||p>, N € N, where 1 < p < 0.
i=1
We present the following general approximation result.
Theorem 4.1. Let (X, ||||7> be a general Banach space, xo € HZ]\LI [a;,bi], 1 <p < oo. Let m € N,

fecm (Hfil [a;, b;] ,X), the space of m-times continuously Fréchet differentiable functions from

Hfil [a;, b;] into X. Let x,xg € Hf\il [ai, bi], 7 >0, and

w (F0) = s |1 @) = £ ()|, >0,
N
x,ye_l;ll[ai,bi]:
le—yll,<h
Then
(1)

n

(95,9 (@) = 3 5 (5 (49 (o) (- = a0)) ) o)
=0

_1

< e (10 (8 (1= ) ) )

(@ (1 =wolly)) ) ™ [+ 2420

(2) additionally if f9) (z¢) =0, 7 =0,1,...,m, we have

105, (1)) (o)l

< (o () ) )

< (@ (-l o) T [ e E ],
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3)

v

195 (£)) (o) = £ (@o)ll, <ZJ,H( 5 (£9) (o) - = 20)?) ) (o)

" (fm),r((@z(,,._mp ) ) ™)

< (5 (1 = wolly)) (xo))(mﬁl) [(mi 5+ S+ mj] , (4.1)
(4)
1w ) o) = £ ol
< Z 10 (9 @0 ¢ = 07)) @ e
o g (1 8 () |2 )
<[ (5 (1= @l ) (o) ijie)n N fash] [(mi T T mgz] : (42)
Proof. A direct application of Theorem 3.1. O
We state

Remark 4.1. Clearly here wy (f(™),) is bounded. By Lemma 3.1 we get that ( <H — xo]| )) (x0)
is continuous at xy € Hf\; [ai, bi], A € N. And, by (3.4) we obtain

H(‘I'n (”' —Jﬂoll’;)) (0)

fork=1,..,m.

(1)

b
00,20 €[ Tiv1 [aibi]

(4.3)

et oy = N (= 20l*) ) o)

We give
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Remark 4.2. Here we take p = co. We observe that

(%5 (I = @) (o)
S 1 = zoll 2™ Z (o — k)

(2_6) k=[na]
o nb >
S Z (nao — k)
[nb] m+1
(2.4) k "
< K@) D === Z (nxo — k))
k=[na] o0
= (K ()™ Z “ — T Z (nxo — k)
k = [na] OO
15 = 2ol < 75
+ Z Hn—xo Z (nxo — k)
k = [na] >
15 = zoll« > 5
((2:3), (2.5)) 1 a1 ~ g A\(nl—B_
L @ [ + b a3 AC )
We have proved that
TS L m—+1
H (qln (H zOHP )) (xo)Hoo,xoel—Iil[ai,bi]
N 1 m+1 5 g—A(n1=F-2)
< (K(q) B T 16— als™ 7A — 0, (4.4)

asn — o0o. Hereitis0< B <1, ?:szaX{q,%}, A>1;neN:n'F>2 zy¢ Hf\il [a;, b;] .

So, by Conclusion 3.1, see also (4.2) and (4.3), we derive that WS (f) = f, uniformly in [|[I., over
Hfil [ai, b;], as n — oo; p = oo case. Pointwise convergence is obviously valid too.

We continue with

Corollary 4.1. (to Theorem 4.1, case of m = 1, see (4.1)) Let zo € [, [ai, bi], then
(1)
1025 () o) = 7 (ao)ll, < || (3 (77 (@) ¢ = 20)) ) (w0)|

g (10 (52 (=) )
(=) e0)’ ]

X

and
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(2)

Jncws () o) = £ @l |

i lai bi]
< @ () = aw)) o] N
T (A [ A () L)
o [ () 0 IR (45)
Proof. Direct application to Corollary 3.1. 0

We give
Remark 4.3. By (4.4) we get that

I3l < [y a9

as n — oo. Again by (4.5) we obtain ¥ (f) — f, as n — oo, pointwise and uniformly, for p = oo
case.

Note 4.1. For f € C (Hi\il [a;, b;] ,X) the modulus of continuity w (f,0) is defined by (2.12), (2.13).
By Lemma 2.1, we have that wy (f,0) =0 asd 10 iff f € C (Hf\;l [a;, by ,X) . Also Lemma 3.2 now
applies for an f € B (Hfil [a;, b;] ,X) and (3.5) is valid.

We give

Theorem 4.2. Let f € C (Hfil [a;, b;] ,X), where 1 < p < oco.

Then
(1)
125 (£)) (@0) = £ @o)ll, < 201 (£, (%5 (I = ol ) ) (@0))
and
(2)
10w () o) =7 @l ||y <20 (f, [ G IC! N— b,]) ,
o e (4.6)
v f e (T [anb], X).
Proof. Direct application of (3.6), (3.7), (3.8). O

We state
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Remark 4.4. Inequality (4.4) is clearly valid for m = 0. So we have

1

16w () (@) = ol < (K@) |5+ b= al o FAD) 0, (@)

'ﬁil [aivbi}

asn — 0o . By (4.6) now we obtain V5 (f) — f, as n — oo, pointwise and uniformly, for p = oo
case.

Corollary 4.2. It holds (0 < g < 1, p = 00)

[ncws, (£ (o) = 1 (o)l < 2, (f, (K () [nlﬁ . auoom—wnl-ﬂ—n]) |

N
OO?(H [aivbi}
i=1
VfeC (Hgil las, bi) ,X).
Proof. By (4.6), (4.7), p = oc. O

Under convexity we derive the following result.

0
Theorem 4.3. Let f € C (Hg; [a;, bi] ,X) 1< p<oo Hereme (Hgil [ai,bi]> and || () - f (20)ll,
is convex int € [[X, [ai, bi]. We assume that the closed ball in RN : B (xg, (\TIZ (H - x0\|p>> (zo
Hfil [ai, bi]. Then

N
N

1025, (£)) (20) = £ @o)ll, < wi (£ (T (Il = ol ) ) (@0)) (4.8)
VNeNn'?>2 0<p<1l.

Proof. By Theorem 3.4. Notice here that (lflz (H — xng)> (x0) > 0. O

Theorem 4.4. All as in Theorem 4.3. Inequality (4.8) is sharp, in fact it is attained by f(t) =
- —- . . N
i It —=oll,, 7 is a unit vector of (X, ||H7), tel;Lq [ai,bi].

Proof. By Theorem 3.5. O
We finish with
Corollary 4.3. All as in Theorem 4.3, p = oo case. Then
s N|1 =~ —A(nl’ﬁ—Q)
1027 (£)) (z0) = f (o)l < wi | f. (K ()™ | 5 + b~ allc7A :

VNeN:n'f>2 0<p<l.
0
Clearly, li_}In Vs (f) (o) = f(x0), at xp € <Hf\;1 [a;, bl]) as in the assumptions.
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5 Conclusion and Future Directions

In this paper, a new theoretical framework has been proposed by examining multivariate abstract
neural network operators through the lens of positive linear operators. This perspective makes it
possible to apply well-established techniques from approximation theory to neural network structures
defined via finite summations. As a result, both pointwise and uniform approximation properties have
been derived under this new setting.

A notable aspect of the study is the connection established between neural networks and measure
theory through the use of the Riesz representation theorem. This adds depth to the analytical founda-
tion of neural networks and introduces a measure-theoretic view to their approximation capabilities.
Additionally, the consideration of convexity in the analysis allowed us to derive more refined and, in
some cases, optimal results.

Looking ahead, there are several promising directions for further research. One natural extension
would be to investigate broader classes of activation functions and study how the structure of the
network influences convergence behavior. Exploring these operators in different normed spaces or
under alternative topological assumptions could also provide valuable insights. Moreover, introduc-
ing stochastic elements or probabilistic frameworks may help bridge the gap between this abstract
approach and more practical learning scenarios.

Overall, this work initiates a connection between two seemingly distant areas, namely neural
network approximation and classical positive operator theory, and offers a foundation for deeper
mathematical exploration in future studies.
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