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Abstract: In this work, we examine a family of abstract neural network operators in a multivariate setting,

defined on compact subsets of RN and taking values in general Banach spaces. These operators are constructed

using a symmetric density derived from a modified logistic-type activation function with adjustable parameters.

Within the framework of positive linear operator theory, we provide quantitative convergence estimates towards

the identity operator. Our results are formulated using tools such as the modulus of continuity and Fréchet

derivatives. Furthermore, we offer a detailed discussion on the behavior of the operators when applied to convex

functions. This article reflects both the author’s contributions to the field over the past 30 years and some recent

developments in neural network approximation theory.
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1 Introduction

Since 1985, the author has been actively involved in the quantitative analysis of how positive linear
operators approximate the identity operator; for background, see [1–7]. His earlier contributions
were grounded in studying the weak convergence of finite positive measures toward the Dirac delta,
employing geometric moment techniques (cf. [2]). These efforts resulted in optimal upper estimates,
including sharp Jackson-type inequalities (see [1], [2]). Over the years, the author’s investigations have
evolved across both univariate and multivariate frameworks. Furthermore, since 1997, the author has
also developed a line of research devoted to analyzing the convergence behavior of neural network
operators. This has led to a considerable number of scholarly outputs – articles as well as monographs
(e.g., [3], [5–7]) – which form the theoretical basis for the present work. The various neural network
operators examined in those studies are inherently positive linear in nature.

In this study, multivariate-abstract neural network operators are for the first time treated explicitly
within the framework of positive linear operators. As a consequence, established techniques from the
theory of positive linear mappings can now be applied to these finite-sum-based neural operators,
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yielding novel and meaningful results, both in terms of pointwise behavior and uniform convergence.
The application of the Riesz representation theorem links the neural operator construction to measure-
theoretic principles. Moreover, when the target function possesses convexity, one can derive even
sharper and more refined bounds.

The adoption of a perturbed generalized logistic function as the activation mechanism is thoroughly
supported by the literature, especially in [6] (see Chapters 15 and 16). The generalized logistic function
itself is known for its robust and effective behavior and remains one of the most widely employed
activation functions in this field. The symmetrization method introduced in this article is designed
to enhance the speed of convergence of the proposed operators toward the identity, even when only
partial data input is utilized.

This article introduces, for the first time, a theoretical link between two major fields: neural
network approximation, which is an essential component of artificial intelligence, and the theory
of positive linear operators, a fundamental area within functional analysis. Due to its theoretical
nature, the work primarily targets experts familiar with these domains. The author acknowledges
the significant influence of classical contributions such as [13] and [14]. For foundational insights
into neural networks, readers may consult [9–11] and [15–17], while for more contemporary studies,
references [18–27] provide valuable developments.

2 Basics

We begin by referring to the framework outlined in [6, pp. 395–471]. In our case, the activation
mechanism is defined through a generalized logistic-type expression that depends on the parameters
q and λ as follows:

φq,λ (x) =
1

1 + qA−λx
, x ∈ R, q, λ > 0, A > 1,

where the function represents an A-extended version of the classical logistic function. For more read
Chapter 16 of [6]: “Banach space valued ordinary and fractional neural network approximation based
on q-deformed and λ-parametrized A-generalized logistic function”. Our present study is inspired in
part by the material presented in Chapters 15 and 16 of [6].

In our construction, we introduce a “symmetrization method” designed to operate with a reduced
data input, effectively utilizing only half of the available feed for the neural network. To implement
this, we define the density function as

Gq,λ (x) :=
1

2
(φq,λ (x+ 1)− φq,λ (x− 1)) , x ∈ R, q, λ > 0,

which plays a central role in the formulation of our operators. We observe the following properties:

Gq,λ (−x) = G 1
q
,λ (x) , (2.1)

and
G 1

q
,λ (−x) = Gq,λ (x) , ∀ x ∈ R. (2.2)

Adding (2.1) and (2.2) we obtain

Gq,λ (−x) +G 1
q
,λ (−x) = Gq,λ (x) +G 1

q
,λ (x) , ∀ x ∈ R,

which gives that

W (x) :=
Gq,λ (x) +G 1

q
,λ (x)

2
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is an even function. Also this function is symmetric with respect to the y-axis. The equality (16.18)
of [6, p. 401] shows

Gq,λ

(
logA q

λ

)
=

Aλ − 1

2 (Aλ + 1)
,

which corresponds to the global max of Gq,λ. Similarly we get

G 1
q
,λ

(
logA

1
q

λ

)
= G 1

q
,λ

(
− logA q

λ

)
=

Aλ − 1

2 (Aλ + 1)
,

which is the global max of G 1
q
,λ.

Theorem 16.1 of [6, p. 401] gives

∞∑
i=−∞

Gq,λ (x− i) = 1, ∀ x ∈ R, λ, q > 0, A > 1,

and
∞∑

i=−∞
G 1

q
,λ (x− i) = 1, ∀ x ∈ R, λ, q > 0, A > 1.

Hence, we get
∞∑

i=−∞
W (x− i) = 1, ∀ x ∈ R.

Theorem 16.2 of [6, p. 402] implies∫ ∞

−∞
Gq,λ (x) dx = 1, λ, q > 0, A > 1,

and hence ∫ ∞

−∞
G 1

q
,λ (x) dx = 1,

so that ∫ ∞

−∞
W (x) dx = 1,

i.e., W is a density function.
We also get the next result from Theorem 16.3 of [6, p. 402]:
“Let 0 < α < 1, and n ∈ N with n1−α > 2. Then

∞∑
 k = −∞

|nx− k| ≥ n1−α

Gq,λ (nx− k) < 2max

{
q,

1

q

}
1

Aλ(n1−α−2)
= γ̃A−λ(n1−α−2),

where λ, q > 0, A > 1; γ̃ := 2max
{
q, 1q

}
.”

Similarly, we observe

∞∑
 k = −∞

|nx− k| ≥ n1−α

G 1
q
,λ (nx− k) < γ̃A−λ(n1−α−2).
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Therefore, we derive
∞∑

 k = −∞
|nx− k| ≥ n1−α

W (nx− k) < γ̃A−λ(n1−α−2),

where γ̃ := 2max
{
q, 1q

}
. As usual, ⌈·⌉ represents the smallest integer greater than or equal to the

given number, while ⌊·⌋ denotes its greatest integer less than or equal to it.
By Theorem 16.4 of [6, p. 402] we have:
“Let x ∈ [a, b] ⊂ R and n ∈ N so that ⌈na⌉ ≤ ⌊nb⌋. For q > 0, λ > 0, A > 1, we consider the

number λq > z0 > 0 with Gq,λ (z0) = Gq,λ (0), and λq > 1. Then

1∑⌊nb⌋
k=⌈na⌉Gq,λ (nx− k)

< max

 1

Gq,λ (λq)
,

1

G 1
q
,λ

(
λ 1

q

)
 =: K (q) .′′

holds.” Similarly, we consider λ 1
q
> z1 > 0, such that G 1

q
,λ (z1) = G 1

q
,λ (0), and λ 1

q
> 1. Thus

1∑⌊nb⌋
k=⌈na⌉G 1

q
,λ (nx− k)

< max

 1

G 1
q
,λ

(
λ 1

q

) , 1

Gq,λ (λq)

 = K (q) .

Hence
⌊nb⌋∑

k=⌈na⌉

Gq,λ (nx− k) >
1

K (q)
,

and
⌊nb⌋∑

k=⌈na⌉

G 1
q
,λ (nx− k) >

1

K (q)
.

Consequently it holds

⌊nb⌋∑
k=⌈na⌉

(
Gq,λ (nx− k) +G 1

q
,λ (nx− k)

)
2

>
2

2K (q)
=

1

K (q)
,

so that
1

∑⌊nb⌋
k=⌈na⌉

(
Gq,λ(nx−k)+G 1

q ,λ
(nx−k)

)
2

< K (q) ,

that is
1∑⌊nb⌋

k=⌈na⌉W (nx− k)
< K (q) .

So, we have proved

Theorem 2.1. Let x ∈ [a, b] ⊂ R and n ∈ N so that ⌈na⌉ ≤ ⌊nb⌋. For q, λ > 0, A > 1, we
consider λq > z0 > 0 with Gq,λ (z0) = Gq,λ (0), and λq > 1. Also consider λ 1

q
> z1 > 0, such that

G 1
q
,λ (z1) = G 1

q
,λ (0), and λ 1

q
> 1. Then

1∑⌊nb⌋
k=⌈na⌉W (nx− k)

< K (q) .
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We state

Remark 2.1. (I) Remark 16.5 of [6, p. 402] implies that, for some x1, x2 ∈ [a, b],

lim
n→∞

⌊nb⌋∑
k=⌈na⌉

Gq,λ (nx1 − k) ̸= 1,

and

lim
n→∞

⌊nb⌋∑
k=⌈na⌉

G 1
q
,λ (nx2 − k) ̸= 1

hold, which gives

lim
n→∞

⌊nb⌋∑
k=⌈na⌉

(
Gq,λ (nx1 − k) +G 1

q
,λ (nx2 − k)

)
2

̸= 1.

Hence

lim
n→∞

⌊nb⌋∑
k=⌈na⌉

(
Gq,λ (nx1 − k) +G 1

q
,λ (nx1 − k)

)
2

̸= 1,

even if

lim
n→∞

⌊nb⌋∑
k=⌈na⌉

G 1
q
,λ (nx1 − k) = 1,

because then

lim
n→∞

⌊nb⌋∑
k=⌈na⌉

Gq,λ (nx1 − k)

2
+

1

2
̸= 1,

equivalently

lim
n→∞

⌊nb⌋∑
k=⌈na⌉

Gq,λ (nx1 − k)

2
̸= 1

2
,

true by

lim
n→∞

⌊nb⌋∑
k=⌈na⌉

Gq,λ (nx1 − k) ̸= 1.

(II) For a given interval [a, b] ⊂ R and a large number n, we assume ⌈na⌉ ≤ ⌊nb⌋. Also a ≤ k
n ≤ b,

iff ⌈na⌉ ≤ k ≤ ⌊nb⌋. Then, we get

⌊nb⌋∑
k=⌈na⌉

W (nx− k) ≤ 1.

We now turn our attention to the multivariate setting, taking Chapter 15 of [6, pp. 365–394] as a
guiding reference. Accordingly, we proceed as follows:
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Remark 2.2. Defining

Z̃ (x1, ..., xN ) := Z̃ (x) :=
N∏
i=1

W (xi) =
1

2N

N∏
i=1

(
Gq,λ +G 1

q
,λ

)
(xi) ,

x = (x1, ..., xN ) ∈ RN , λ, q > 0, N ∈ N, we get:

(i)
Z̃ (x) > 0, ∀ x ∈ RN ,

(ii)
∞∑

k=−∞
Z̃ (x− k) :=

∞∑
k1=−∞

∞∑
k2=−∞

...
∞∑

kN=−∞
Z̃ (x1 − k1, ..., xN − kN ) = 1,

k := (k1, ..., kn) ∈ ZN , ∀ x ∈ RN ,

(iii)
∞∑

k=−∞
Z̃ (nx− k) = 1, (2.3)

∀ x ∈ RN , n ∈ N,

(iv) ∫
RN

Z̃ (x) dx = 1,

that is Z̃ is a multivariate density function.

We denote ∥x∥∞ := max {|x1| , ..., |xN |}, x ∈ RN , ∞ := (∞, ...,∞), −∞ := (−∞, ...,−∞),
⌈na⌉ := (⌈na1⌉ , ..., ⌈naN⌉) , ⌊nb⌋ := (⌊nb1⌋ , ..., ⌊nbN⌋) , a := (a1, ..., aN ), b := (b1, ..., bN ) .

We immediately observe that

⌊nb⌋∑
k=⌈na⌉

Z̃ (nx− k) =

⌊nb⌋∑
k=⌈na⌉

(
N∏
i=1

W (nxi − ki)

)
=

N∏
i=1

 ⌊nbi⌋∑
ki=⌈nai⌉

W (nxi − ki)

 .

(v) Then we have

⌊nb⌋∑
 k = ⌈na⌉∥∥ k

n − x
∥∥
∞ > 1

nβ

Z̃ (nx− k) < γ̃A−λ(n1−β−2), where 0 < β < 1,

0 < β < 1, n ∈ N : n1−β > 2, x ∈
∏N

i=1 [ai, bi] .

(vi) We get the next inequality:

0 <
1∑⌊nb⌋

k=⌈na⌉ Z̃ (nx− k)
< (K (q))N , (2.4)

∀ x ∈
(∏N

i=1 [ai, bi]
)
, n ∈ N.

It is also easy to see that
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(vii)
∞∑

 k = −∞∥∥ k
n − x

∥∥
∞ > 1

nβ

Z̃ (nx− k) < γ̃A−λ(n1−β−2), (2.5)

0 < β < 1, n ∈ N : n1−β > 2, x ∈
∏N

i=1 [ai, bi] .

Furthermore it holds

lim
n→∞

⌊nb⌋∑
k=⌈na⌉

Z̃ (nx− k) ̸= 1,

for at least some x ∈
(∏N

i=1 [ai, bi]
)
.

Here
(
X, ∥·∥γ

)
is a Banach space.

Let f ∈ C
(∏N

i=1 [ai, bi] , X
)
, x = (x1, ..., xN ) ∈

∏N
i=1 [ai, bi] , n ∈ N : ⌈nai⌉ ≤ ⌊nbi⌋, i = 1, ..., N.

We introduce and define the following multivariate linear normalized symmetrized neural network
operator, let x := (x1, ..., xN ) ∈

∏N
i=1 [ai, bi]:

Ψs
n (f, x1, ..., xN ) := Ψs

n (f, x) :=

∑⌊nb⌋
k=⌈na⌉ f

(
k
n

)
Z̃ (nx− k)∑⌊nb⌋

k=⌈na⌉ Z̃ (nx− k)

=

∑⌊nb1⌋
k1=⌈na1⌉

∑⌊nb2⌋
k2=⌈na2⌉ ...

∑⌊nbN ⌋
kN=⌈naN ⌉ f

(
k1
n , ..., kNn

)
∏N

i=1

(∑⌊nbi⌋
ki=⌈nai⌉

(
Gq,λ (nxi − ki) +G 1

q
,λ (nxi − ki)

))
×

(
N∏
i=1

(
Gq,λ (nxi − ki) +G 1

q
,λ (nxi − ki)

))
.

For large enough n ∈ N we always obtain ⌈nai⌉ ≤ ⌊nbi⌋, i = 1, ..., N . Also ai ≤ ki
n ≤ bi, iff

⌈nai⌉ ≤ ki ≤ ⌊nbi⌋, i = 1, ..., N .

When g ∈ C
(∏N

i=1 [ai, bi]
)
we define the companion operator

Ψ̃s
n (g, x) :=

∑⌊nb⌋
k=⌈na⌉ g

(
k
n

)
Z̃ (nx− k)∑⌊nb⌋

k=⌈na⌉ Z̃ (nx− k)
. (2.6)

Clearly Ψ̃s
n is a positive linear operator. We have that

Ψ̃s
n (1, x) = 1, ∀ x ∈

N∏
i=1

[ai, bi] .

Notice that Ψs
n (f) ∈ C

(∏N
i=1 [ai, bi] , X

)
and Ψ̃s

n (g) ∈ C
(∏N

i=1 [ai, bi]
)
.

We also get

∥Ψs
n (f, x)∥γ ≤ Ψ̃s

n

(
∥f∥γ , x

)
, (2.7)

∀ x ∈
∏N

i=1 [ai, bi] ,
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and

Ψs
n (cg, x) = cΨ̃s

n (g, x) , ∀ x ∈
N∏
i=1

[ai, bi] , (2.8)

and

Ψs
n (c) = c, ∀ c ∈ X. (2.9)

Set also

∗Ψs
n (f, x) :=

⌊nb⌋∑
k=⌈na⌉

f

(
k

n

)
Z̃ (nx− k) . (2.10)

Consequently we derive (by (2.4))

|Ψs
n (f, x)− f (x) | ≤ (K (q))N |∗Ψs

n (f, x)− f (x)

⌊nb⌋∑
k=⌈na⌉

Z̃ (nx− k) |, (2.11)

∀ x ∈
(∏N

i=1 [ai, bi]
)
.

We will estimate the right hand side of (2.11), when X = (C, |·|), the complex numbers.

For the last and others we need

Definition 2.1. (see [5, p. 274]) Let M be a convex and compact subset of
(
RN , ∥·∥p

)
, p ∈ [1,∞],

and
(
X, ∥·∥γ

)
be a Banach space. Let f ∈ C (M,X) . We define the first modulus of continuity of f

as

ω1 (f, δ) := sup
x, y ∈ M :

∥x− y∥p ≤ δ

∥f (x)− f (y)∥γ , 0 < δ ≤ diam (M) . (2.12)

If δ > diam (M), then

ω1 (f, δ) = ω1 (f, diam (M)) . (2.13)

Notice ω1 (f, δ) is increasing in δ > 0. For f ∈ CB (M,X) (continuous and bounded functions)
ω1 (f, δ) is defined similarly.

Lemma 2.1. (see [5, p. 274]) We have ω1 (f, δ) → 0 as δ ↓ 0, iff f ∈ C (M,X), where M is a convex

compact subset of
(
RN , ∥·∥p

)
, p ∈ [1,∞] .

3 Abstract Korovkin Inequalities

All here in this section come from [4] and [5], Chapter 10, pp. 261-281.

We give

Remark 3.1. Let
(
Rk, ∥·∥p

)
, k ∈ N; where ∥·∥p is the Lp-norm, 1 ≤ p ≤ ∞. Rk is a Banach space,

and
(
Rk
)j

denotes the j-fold product space Rk × ... × Rk endowed with the max-norm ∥x∥
(Rk)

j :=

max
1≤λ≤j

∥xλ∥p, where x := (x1, ..., xj) ∈
(
Rk
)j

.



Neural Networks with Generalized Logistic Structure 30

Let
(
X, ∥·∥γ

)
be a general Banach space. Then the space Lj := Lj

((
Rk
)j

;X
)
of all j-multilinear

continuous maps g :
(
Rk
)j → X, j = 1, ..., n, is a Banach space with norm

∥g∥ := ∥g∥Lj
:= sup

∥x∥
(Rk)j

=1
∥g (x)∥β = sup

∥g (x)∥β
∥x1∥p ... ∥xj∥p

.

Let M be a non-empty convex and compact subset of Rk and x0 ∈ M is fixed.

Let O be an open subset of Rk : M ⊂ O. Let f : O → X be a continuous function whose Fréchet

derivatives (see [12]) f (j) : O → Lj = Lj

((
Rk
)j

;X
)
exist and are continuous for 1 ≤ j ≤ n, n ∈ N.

Call (x− x0)
j := (x− x0, ..., x− x0) ∈

(
Rk
)j
, x ∈ M .

Here we deal with f |M .

Then by Taylor’s formula (see [8] and [12, p. 124]), we get

f (x) =
n∑

j=0

f (j) (x0) (x− x0)
j

j!
+Rn (x, x0) , all x ∈ M,

where the remainder is the Riemann integral

Rn (x, x0) :=

∫ 1

0

(1− u)n−1

(n− 1)!

(
f (n) (x0 + u (x− x0))− f (n) (x0)

)
(x− x0)

n du,

here we set f (0) (x0) (x− x0)
0 = f (x0) .

Considering

w := ω1

(
f (n), h

)
:= sup

x,y∈M :

∥x−y∥p≤h

∥∥∥f (n) (x)− f (n) (y)
∥∥∥ ,

we obtain ∥∥∥(f (n) (x0 + u (x− x0))− f (n) (x0)
)
(x− x0)

n
∥∥∥
γ

≤
∥∥∥f (n) (x0 + u (x− x0))− f (n) (x0)

∥∥∥ · ∥x− x0∥np

≤ w · ∥x− x0∥np ·
⌈
u ∥x− x0∥p

h

⌉
,

by Lemma 7.1.1 of [2, p. 208].

Therefore for all x ∈ M (see [2, pp. 121-122]):

∥Rn (x, x0)∥β ≤ w ∥x− x0∥np
∫ 1

0

⌈
u ∥x− x0∥p

h

⌉
(1− u)n−1

(n− 1)!
du

= wΦn

(
∥x− x0∥p

)
by a change of variable, where

Φn (t) :=

∫ |t|

0

⌈ s
h

⌉ (|t| − s)n−1

(n− 1)!
ds =

1

n!

 ∞∑
j=0

(|t| − jh)n+

 , ∀ t ∈ R,
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is a (polynomial) spline function, see [2, pp. 210-211]. Also from there we get

Φn (t) ≤

(
|t|n+1

(n+ 1)!h
+

|t|n

2n!
+

h |t|n−1

8 (n− 1)!

)
, ∀ t ∈ R,

with equality true only at t = 0. Therefore it holds

∥Rn (x, x0)∥γ ≤ w

(
∥x− x0∥n+1

p

(n+ 1)!h
+

∥x− x0∥np
2n!

+
h ∥x− x0∥n−1

p

8 (n− 1)!

)
, ∀ x ∈ M.

We have found that∥∥∥∥∥∥f (x)−
n∑

j=0

f (j) (x0) (x− x0)
j

j!

∥∥∥∥∥∥
γ

≤ ω1

(
f (n), h

)(∥x− x0∥n+1
p

(n+ 1)!h
+

∥x− x0∥np
2n!

+
h ∥x− x0∥n−1

p

8 (n− 1)!

)
< ∞, (3.1)

∀ x, x0 ∈ M. Here 0 < ω1

(
f (n), h

)
< ∞, by M being compact and f (n) being continuous on M .

One can rewrite (3.1) as∥∥∥∥∥∥f (·)−
n∑

j=0

f (j) (x0) (· − x0)
j

j!

∥∥∥∥∥∥
γ

≤ ω1

(
f (n), h

)(∥· − x0∥n+1
p

(n+ 1)!h
+

∥· − x0∥np
2n!

+
h ∥· − x0∥n−1

p

8 (n− 1)!

)
,

(∀x0 ∈ M), a pointwise functional inequality on M . Here (· − x0)
j maps M into

(
Rk
)j

and it is contin-

uous, also f (j) (x0) maps
(
Rk
)j

into X and it is continuous. Hence their composition f (j) (x0) (· − x0)
j

is continuous from M into X.

Clearly f (·)−
∑n

j=0
f (j)(x0)(·−x0)

j

j! ∈ C (M,X), hence
∥∥∥f (·)−

∑n
j=0

f (j)(x0)(·−x0)
j

j!

∥∥∥
γ
∈ C (M).

We mention the following fundamental approximation result.

Theorem 3.1. Let M be a nonempty compact convex subset of the open subset O of
(
Rk, ∥·∥p

)
,

1 ≤ p ≤ ∞, and let
(
X, ∥·∥γ

)
be a general Banach space. For any N ∈ N let the linear operators

LN : C (M,X) → C (M,X) and the positive linear operators L̃N : C (M) → C (M) , such that

∥(LN (f)) (x0)∥γ ≤
(
L̃N

(
∥f∥γ

))
(x0) ,

∀ N ∈ N, ∀ f ∈ C (M,X), ∀ x0 ∈ M. Furthermore assume that

LN (cF ) = cL̃N (F ) , ∀ F ∈ C (M) , ∀ c ∈ X.

Let n ∈ N, here we deal with f ∈ Cn (O,X), the space of n-times continuously Fréchet differentiable
functions from O into X.

Here we study approximation to f |M .
Let x, x0 ∈ M , r > 0, and

ω1

(
f (n), h

)
:= sup

x,y∈M :

∥x−y∥p≤h

∥∥∥f (n) (x)− f (n) (y)
∥∥∥ .

Then
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(1) ∥∥∥∥∥∥(LN (f)) (x0)−
n∑

j=0

1

j!

(
L̃N

(
f (j) (x0) (· − x0)

j
))

(x0)

∥∥∥∥∥∥
γ

≤ 1

rn!
ω1

(
f (n), r

((
L̃N

(
∥· − x0∥n+1

p

))
(x0)

) 1
n+1

)((
L̃N

(
∥· − x0∥n+1

p

))
(x0)

)( n
n+1)

×
[

1

(n+ 1)
+

r

2

((
L̃N (1)

)
(x0)

) 1
n+1

+
nr2

8

((
L̃N (1)

)
(x0)

) 2
n+1

]
,

(2) additionally if f (j) (x0) = 0, j = 0, 1, ..., n, we have

∥(LN (f)) (x0)∥γ

≤ 1

rn!
ω1

(
f (n), r

((
L̃N

(
∥· − x0∥n+1

p

))
(x0)

) 1
n+1

)((
L̃N

(
∥· − x0∥n+1

p

))
(x0)

)( n
n+1)

×
[

1

(n+ 1)
+

r

2

((
L̃N (1)

)
(x0)

) 1
n+1

+
nr2

8

((
L̃N (1)

)
(x0)

) 2
n+1

]
,

(3)

∥(LN (f)) (x0)− f (x0)∥γ

≤ ∥f (x0)∥
∣∣∣(L̃N (1)

)
(x0)− 1

∣∣∣+ n∑
j=1

1

j!

∥∥∥(L̃N

(
f (j) (x0) (· − x0)

j
))

(x0)
∥∥∥
γ

+
1

rn!
ω1

(
f (n), r

((
L̃N

(
∥· − x0∥n+1

p

))
(x0)

) 1
n+1

)((
L̃N

(
∥· − x0∥n+1

p

))
(x0)

)( n
n+1)

×
[

1

(n+ 1)
+

r

2

((
L̃N (1)

)
(x0)

) 1
n+1

+
nr2

8

((
L̃N (1)

)
(x0)

) 2
n+1

]
, (3.2)

(4) ∥∥∥∥LN (f)− f∥γ
∥∥∥
∞,M

≤
∥∥∥∥f∥γ∥∥∥∞,M

∥∥∥(L̃N (1)
)
− 1
∥∥∥
∞,M

+

n∑
j=1

1

j!

∥∥∥∥∥∥∥(L̃N

(
f (j) (x0) (· − x0)

j
))

(x0)
∥∥∥
γ

∥∥∥∥
∞,x0∈M

+
1

rn!
ω1

(
f (n), r

∥∥∥(L̃N

(
∥· − x0∥n+1

p

))
(x0)

∥∥∥ 1
n+1

∞,x0∈M

)
×

∥∥∥(L̃N

(
∥· − x0∥n+1

p

))
(x0)

∥∥∥( n
n+1)

∞,x0∈M

×
[

1

(n+ 1)
+

r

2

∥∥∥L̃N (1)
∥∥∥ 1

n+1

∞,M
+

nr2

8

∥∥∥L̃N (1)
∥∥∥ 2

n+1

∞,M

]
. (3.3)

We need

Lemma 3.1. The function
(
L̃N

(
∥· − x0∥mp

))
(x0) is continuous at x0 ∈ M , m ∈ N.
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Remark 3.2. We also have∥∥∥(L̃N

(
∥· − x0∥kp

))
(x0)

∥∥∥
∞,x0∈M

≤
∥∥∥(L̃N

(
∥· − x0∥n+1

p

))
(x0)

∥∥∥( k
n+1)

∞,x0∈M

∥∥∥L̃N (1)
∥∥∥(n+1−k

n+1 )

∞,M
, (3.4)

for all k = 1, ..., n.

Conclusion 3.1. Let N → ∞ and L̃N (1)
u→ 1, uniformly, and∥∥∥(L̃N

(
∥· − x0∥n+1

p

))
(x0)

∥∥∥
∞,x0∈M

→ 0. Then by (3.3) we get, as N → ∞, that Ln (f)
u→ f , uniformly

in ∥·∥γ over M.
The last statement is also supported by∥∥∥(LN

(
f (j) (x0) (· − x0)

j
))

(x0)
∥∥∥
β
≤
∥∥∥f (j)

∥∥∥∥∥∥(L̃N

(
∥· − x0∥jp

))
(x0)

∥∥∥
∞,x0∈M

and (3.4). Here notice that
∥∥∥L̃N (1)

∥∥∥
∞,M

turns out to be bounded, and ω1

(
f (n), ·

)
is also bounded.

Conclusion 3.2. By (3.2) we get the following: as N → ∞, assume that
(
L̃N (1)

)
(x0) → 1, and((

L̃N

(
∥· − x0∥n+1

p

))
(x0)

)
→ 0. Then (LN (f)) (x0) → f (x0), as N → ∞, pointwise. Notice that

here
(
L̃N (1)

)
(x0) is bounded with respect to N , as well as ω1

(
f (n), ·

)
is bounded in general.

Corollary 3.1. (to Theorem 3.1, case n = 1, see (3.2)) Additionally assume that
(
L̃N (1)

)
(x0) = 1,

∀ x0 ∈ M . Then

(1)

∥(LN (f)) (x0)− f (x0)∥γ ≤
∥∥∥(L̃N

(
f (1) (x0) (· − x0)

))
(x0)

∥∥∥
γ

+
1

2r
ω1

(
f (1), r

((
L̃N

(
∥· − x0∥2p

))
(x0)

) 1
2

)
×

((
L̃N

(
∥· − x0∥2p

))
(x0)

) 1
2

[
1 + r +

r2

4

]
(2)

∥∥(LN (f))− f∥∥∞,M ≤
∥∥∥∥∥∥∥(L̃N

(
f (1) (x0) (· − x0)

))
(x0)

∥∥∥
γ

∥∥∥∥
∞,x0∈M

+
1

2r
ω1

(
f (1), r

∥∥∥(L̃N

(
∥· − x0∥2p

))
(x0)

∥∥∥ 1
2

∞,x0∈M

)
×

∥∥∥(L̃N

(
∥· − x0∥2p

))
(x0)

∥∥∥ 1
2

∞,x0∈M

[
1 + r +

r2

4

]
.

We need

Lemma 3.2. (see [2, p. 208]) Let M be a convex compact subset of
(
Rk, ∥·∥p

)
, p ∈ [1,∞], and(

X, ∥·∥γ
)
be a general Banach space. Let f ∈ B (M,X) (bounded functions). Then

∥f (x)− f (x0)∥γ ≤ ω1 (f, h)

⌈∥x− x0∥p
h

⌉
≤ ω1 (f, h)

(
1 +

∥x− x0∥p
h

)
, ∀ x ∈ M, (3.5)

where h > 0.
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We present the basic pointwise convergence result

Theorem 3.2. Let LN : C (M,X) → C (M,X) be linear operators, ∀ N ∈ N; where M is a convex

compact subset of
(
Rk, ∥·∥p

)
, p ∈ [1,∞], and

(
X, ∥·∥γ

)
is a general Banach space. Let L̃N : C (M) →

C (M) be positive linear operators, such that

∥(LN (f)) (x0)∥γ ≤
(
L̃N

(
∥f∥γ

))
(x0) ,

∀ N ∈ N, ∀ f ∈ C (M,X), ∀ x0 ∈ M. Furthermore assume that

LN (cg) = cL̃N (g) , ∀ g ∈ C (M) , ∀ c ∈ X.

Then

∥(LN (f)) (x0)− f (x0)∥γ ≤ ∥f (x0)∥γ
∣∣∣(L̃N (1)

)
(x0)− 1

∣∣∣
+

[(
L̃N (1)

)
(x0) + 1

]
ω1

(
f,
(
L̃N

(
∥· − x0∥p

))
(x0)

)
, (3.6)

∀f ∈ C (M,X). By (78), as
(
L̃N (1)

)
(x0) → 1 and

(
L̃N

(
∥· − x0∥p

))
(x0) → 0, then (LN (f)) (x0)

∥·∥γ→

f (x0), as N → ∞, ∀ f ∈ C (M,X). Here notice that
(
L̃N (1)

)
(x0) is bounded.

Corollary 3.2. All as in Theorem 3.2. Additionally assume that
(
L̃N (1)

)
(x0) = 1, ∀ x0 ∈ M . Then

∥(LN (f)) (x0)− f (x0)∥γ ≤ 2ω1

(
f,
(
L̃N

(
∥· − x0∥p

))
(x0)

)
, ∀ f ∈ C (M,X) . (3.7)

Next we obtain the following uniform convergence result.

Theorem 3.3. All as in Theorem 3.2. Then∥∥∥∥LN (f)− f∥γ
∥∥∥
∞,M

≤
∥∥∥∥f∥γ∥∥∥∞,M

∥∥∥L̃N (1)− 1
∥∥∥
∞,M

+
∥∥∥L̃N (1) + 1

∥∥∥
∞,M

× ω1

(
f,
∥∥∥(L̃N

(
∥· − x0∥p

))
(x0)

∥∥∥
∞,x0∈M

)
, (3.8)

∀f ∈ C (M,X).

Conclusion 3.3. By Lemma 3.1
(
L̃N

(
∥· − x0∥p

))
(x0) is continuous at x0 ∈ M . Thus∥∥∥(L̃N

(
∥· − x0∥p

))
(x0)

∥∥∥
∞,x0∈M

< ∞. As N → ∞, we assume that L̃N (1)
u→ 1, uniformly, and∥∥∥(L̃N

(
∥· − x0∥p

))
(x0)

∥∥∥
∞,x0∈M

→ 0, then Ln (f)
u→ f , uniformly on M , ∀ f ∈ C (M,X). Here∥∥∥L̃N (1)

∥∥∥ is bounded.

Under convexity we have the following sharp general pointwise convergence result. Here M0

denotes the interior of M .
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Theorem 3.4. All here as in Theorem 3.2. Additionally, assume that x0 ∈ M0, and the closed ball

in Rk : B
(
x0,
(
L̃N

(
∥· − x0∥p

))
(x0)

)
⊂ M , where

(
L̃N

(
∥· − x0∥p

))
(x0) ≥ 0, and ∥f (t)− f (x0)∥γ

is convex in t ∈ M . Then

∥(LN (f)) (x0)− f (x0)∥γ ≤ ∥f (x0)∥γ
∣∣∣(L̃N (1)

)
(x0)− 1

∣∣∣+ ω1

(
f,
(
L̃N

(
∥· − x0∥p

))
(x0)

)
, (3.9)

∀ N ∈ N.

Theorem 3.5. All as in Theorem 3.4. Inequality (3.9) is sharp, in fact it is attained by f (t) =
−→
i ∥t− x0∥p,

−→
i is a unit vector of

(
X, ∥·∥γ

)
, t ∈ M.

4 Main Results

In this section we apply the results of Section 3 to the linear neural network operators Ψs
n and Ψ̃s

n,
n ∈ N, of Section 2. In fact Ψ̃s

n are positive linear neural network operators, with the property
Ψ̃s

n (1) = 1. Also (2.7)–(2.11) are valid.

From now on M =
N∏
i=1

[ai, bi] ⊂
(
RN , ∥·∥p

)
, N ∈ N, where 1 ≤ p ≤ ∞.

We present the following general approximation result.

Theorem 4.1. Let
(
X, ∥·∥γ

)
be a general Banach space, x0 ∈

∏N
i=1 [ai, bi] , 1 ≤ p ≤ ∞. Let m ∈ N,

f ∈ Cm
(∏N

i=1 [ai, bi] , X
)
, the space of m-times continuously Fréchet differentiable functions from∏N

i=1 [ai, bi] into X. Let x, x0 ∈
∏N

i=1 [ai, bi], r > 0, and

ω1

(
f (m), h

)
:= sup

x,y∈
N∏
i=1

[ai,bi]:

∥x−y∥p≤h

∥∥∥f (m) (x)− f (m) (y)
∥∥∥ , h > 0.

Then

(1) ∥∥∥∥∥∥(Ψs
n (f)) (x0)−

n∑
j=0

1

j!

(
Ψ̃s

n

(
f (j) (x0) (· − x0)

j
))

(x0)

∥∥∥∥∥∥
γ

≤ 1

rm!
ω1

(
f (m), r

((
Ψ̃s

n

(
∥· − x0∥m+1

p

))
(x0)

) 1
m+1

)
×
((

Ψ̃s
n

(
∥· − x0∥m+1

p

))
(x0)

)( m
m+1)

[
1

(m+ 1)
+

r

2
+

mr2

8

]
,

(2) additionally if f (j) (x0) = 0, j = 0, 1, ...,m, we have

∥(Ψs
n (f)) (x0)∥γ

≤ 1

rm!
ω1

(
f (m), r

((
Ψ̃s

n

(
∥· − x0∥m+1

p

))
(x0)

) 1
m+1

)
×

((
Ψ̃s

n

(
∥· − x0∥m+1

p

))
(x0)

)( m
m+1)

[
1

(m+ 1)
+

r

2
+

mr2

8

]
,
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(3)

∥(Ψs
n (f)) (x0)− f (x0)∥γ ≤

n∑
j=1

1

j!

∥∥∥(Ψ̃s
n

(
f (j) (x0) (· − x0)

j
))

(x0)
∥∥∥
γ

+
1

rm!
ω1

(
f (m), r

((
Ψ̃s

n

(
∥· − x0∥m+1

p

))
(x0)

) 1
m+1

)
×

((
Ψ̃s

n

(
∥· − x0∥m+1

p

))
(x0)

)( m
m+1)

[
1

(m+ 1)
+

r

2
+

mr2

8

]
, (4.1)

(4)

∥∥∥∥Ψs
n (f) (x0)− f (x0)∥γ

∥∥∥
∞,

∏N
i=1[ai,bi]

≤
n∑

j=1

1

j!

∥∥∥∥∥∥∥(Ψ̃s
n

(
f (j) (x0) (· − x0)

j
))

(x0)
∥∥∥
γ

∥∥∥∥
∞,x0∈

∏N
i=1[ai,bi]

+
1

rm!
ω1

(
f (m), r

∥∥∥(Ψ̃s
n

(
∥· − x0∥m+1

p

))
(x0)

∥∥∥ 1
m+1

∞,x0∈
∏N

i=1[ai,bi]

)
×

∥∥∥(Ψ̃s
n

(
∥· − x0∥m+1

p

))
(x0)

∥∥∥( m
m+1)

∞,x0∈
∏N

i=1[ai,bi]

[
1

(m+ 1)
+

r

2
+

mr2

8

]
. (4.2)

Proof. A direct application of Theorem 3.1.

We state

Remark 4.1. Clearly here ω1

(
f (m), ·

)
is bounded. By Lemma 3.1 we get that

(
Ψ̃s

n

(
∥· − x0∥λp

))
(x0)

is continuous at x0 ∈
∏N

i=1 [ai, bi], λ ∈ N. And, by (3.4) we obtain

∥∥∥(Ψ̃s
n

(
∥· − x0∥kp

))
(x0)

∥∥∥
∞,x0∈

∏N
i=1[ai,bi]

≤
∥∥∥(Ψ̃s

n

(
∥· − x0∥m+1

p

))
(x0)

∥∥∥( k
m+1)

∞,x0∈
∏N

i=1[ai,bi]
, (4.3)

for k = 1, ...,m.

We give
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Remark 4.2. Here we take p = ∞. We observe that(
Ψ̃s

n

(
∥· − x0∥m+1

∞

))
(x0)

(2.6)
=

∑⌊nb⌋
k=⌈na⌉

∥∥ k
n − x0

∥∥m+1

∞ Z̃ (nx0 − k)∑⌊nb⌋
k=⌈na⌉ Z̃ (nx0 − k)

(2.4)

≤ (K (q))N

 ⌊nb⌋∑
k=⌈na⌉

∥∥∥∥kn − x0

∥∥∥∥m+1

∞
Z̃ (nx0 − k)



= (K (q))N


⌊nb⌋∑

 k = ⌈na⌉
:
∥∥ k
n − x0

∥∥
∞ ≤ 1

nβ

∥∥∥∥kn − x0

∥∥∥∥m+1

∞
Z̃ (nx0 − k)

+

⌊nb⌋∑
 k = ⌈na⌉

:
∥∥ k
n − x0

∥∥
∞ > 1

nβ

∥∥∥∥kn − x0

∥∥∥∥m+1

∞
Z̃ (nx0 − k)


((2.3), (2.5))

≤ (K (q))N
[

1

nβ(m+1)
+ ∥b− a∥m+1

∞ γ̃A−λ(n1−β−2)
]
.

We have proved that ∥∥∥(Ψ̃s
n

(
∥· − x0∥m+1

p

))
(x0)

∥∥∥
∞,x0∈

∏N
i=1[ai,bi]

≤ (K (q))N
[

1

nβ(m+1)
+ ∥b− a∥m+1

∞ γ̃A−λ(n1−β−2)
]
→ 0, (4.4)

as n → ∞. Here it is 0 < β < 1, γ̃ := 2max
{
q, 1q

}
, A > 1; n ∈ N : n1−β > 2, x0 ∈

∏N
i=1 [ai, bi] .

So, by Conclusion 3.1, see also (4.2) and (4.3), we derive that Ψs
n (f)

u→ f , uniformly in ∥·∥γ over∏N
i=1 [ai, bi], as n → ∞; p = ∞ case. Pointwise convergence is obviously valid too.

We continue with

Corollary 4.1. (to Theorem 4.1, case of m = 1, see (4.1)) Let x0 ∈
∏N

i=1 [ai, bi] , then

(1)

∥(Ψs
n (f)) (x0)− f (x0)∥γ ≤

∥∥∥(Ψ̃s
n

(
f (1) (x0) (· − x0)

))
(x0)

∥∥∥
γ

+
1

2r
ω1

(
f (1), r

((
Ψ̃s

n

(
∥· − x0∥2p

))
(x0)

) 1
2

)
×

((
Ψ̃s

n

(
∥· − x0∥2p

))
(x0)

) 1
2

[
1 + r +

r2

4

]
,

and
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(2) ∥∥∥∥(Ψs
n (f)) (x0)− f (x0)∥γ

∥∥∥
∞,

∏N
i=1[ai,bi]

≤
∥∥∥∥∥∥∥(Ψ̃s

n

(
f (1) (x0) (· − x0)

))
(x0)

∥∥∥
γ

∥∥∥∥
∞,x0∈

∏N
i=1[ai,bi]

+
1

2r
ω1

(
f (1), r

∥∥∥(Ψ̃s
n

(
∥· − x0∥2p

))
(x0)

∥∥∥ 1
2

∞,x0∈
∏N

i=1[ai,bi]

)
×

∥∥∥(Ψ̃s
n

(
∥· − x0∥2p

))
(x0)

∥∥∥ 1
2

∞,x0∈
∏N

i=1[ai,bi]

[
1 + r +

r2

4

]
. (4.5)

Proof. Direct application to Corollary 3.1.

We give

Remark 4.3. By (4.4) we get that∥∥∥(Ψ̃s
n

(
∥· − x0∥2p

))
(x0)

∥∥∥
∞,x0∈

N∏
i=1

[ai,bi]
≤ (K (q))N

[
1

n2β
+ ∥b− a∥2∞ γ̃A−λ(n1−β−2)

]
→ 0,

as n → ∞. Again by (4.5) we obtain Ψs
n (f) → f , as n → ∞, pointwise and uniformly, for p = ∞

case.

Note 4.1. For f ∈ C
(∏N

i=1 [ai, bi] , X
)
the modulus of continuity ω1 (f, δ) is defined by (2.12), (2.13).

By Lemma 2.1, we have that ω1 (f, δ) → 0 as δ ↓ 0 iff f ∈ C
(∏N

i=1 [ai, bi] , X
)
. Also Lemma 3.2 now

applies for an f ∈ B
(∏N

i=1 [ai, bi] , X
)
and (3.5) is valid.

We give

Theorem 4.2. Let f ∈ C
(∏N

i=1 [ai, bi] , X
)
, where 1 ≤ p ≤ ∞.

Then

(1)

∥(Ψs
n (f)) (x0)− f (x0)∥γ ≤ 2ω1

(
f,
(
Ψ̃s

n

(
∥· − x0∥p

))
(x0)

)
,

and

(2) ∥∥∥∥(Ψs
n (f)) (x0)− f (x0)∥γ

∥∥∥
∞,

∏N
i=1[ai,bi]

≤ 2ω1

(
f,
∥∥∥(Ψ̃s

n

(
∥· − x0∥p

))
(x0)

∥∥∥
∞,x0∈

∏N
i=1[ai,bi]

)
,

(4.6)

∀ f ∈ C
(∏N

i=1 [ai, bi] , X
)
.

Proof. Direct application of (3.6), (3.7), (3.8).

We state
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Remark 4.4. Inequality (4.4) is clearly valid for m = 0. So we have

∥∥∥∥(Ψs
n (f)) (x0)− f (x0)∥γ

∥∥∥
∞,

∏N
i=1[ai,bi]

≤ (K (q))N
[
1

nβ
+ ∥b− a∥∞ γ̃A−λ(n1−β−2)

]
→ 0, (4.7)

as n → ∞ . By (4.6) now we obtain Ψs
n (f) → f , as n → ∞, pointwise and uniformly, for p = ∞

case.

Corollary 4.2. It holds (0 < β < 1, p = ∞)

∥∥∥∥(Ψs
n (f)) (x0)− f (x0)∥γ

∥∥∥
∞,

N∏
i=1

[ai,bi]
≤ 2ω1

(
f, (K (q))N

[
1

nβ
+ ∥b− a∥∞ γ̃A−λ(n1−β−2)

])
,

∀ f ∈ C
(∏N

i=1 [ai, bi] , X
)
.

Proof. By (4.6), (4.7), p = ∞.

Under convexity we derive the following result.

Theorem 4.3. Let f ∈ C
(∏N

i=1 [ai, bi] , X
)
, 1 ≤ p ≤ ∞. Here x0 ∈

(∏N
i=1 [ai, bi]

)0
and ∥f (t)− f (x0)∥γ

is convex in t ∈
∏N

i=1 [ai, bi]. We assume that the closed ball in RN : B
(
x0,
(
Ψ̃s

n

(
∥· − x0∥p

))
(x0)

)
⊂∏N

i=1 [ai, bi]. Then

∥(Ψs
n (f)) (x0)− f (x0)∥γ ≤ ω1

(
f,
(
Ψ̃s

n

(
∥· − x0∥p

))
(x0)

)
, (4.8)

∀ N ∈ N, n1−β > 2, 0 < β < 1.

Proof. By Theorem 3.4. Notice here that
(
Ψ̃s

n

(
∥· − x0∥p

))
(x0) > 0.

Theorem 4.4. All as in Theorem 4.3. Inequality (4.8) is sharp, in fact it is attained by f (t) =
−→
i ∥t− x0∥p,

−→
i is a unit vector of

(
X, ∥·∥γ

)
, t ∈

∏N
i=1 [ai, bi] .

Proof. By Theorem 3.5.

We finish with

Corollary 4.3. All as in Theorem 4.3, p = ∞ case. Then

∥(Ψs
n (f)) (x0)− f (x0)∥γ ≤ ω1

(
f, (K (q))N

[
1

nβ
+ ∥b− a∥∞ γ̃A−λ(n1−β−2)

])
,

∀ N ∈ N : n1−β > 2, 0 < β < 1.

Clearly, lim
n→∞

Ψs
n (f) (x0) = f (x0), at x0 ∈

(∏N
i=1 [ai, bi]

)0
as in the assumptions.
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5 Conclusion and Future Directions

In this paper, a new theoretical framework has been proposed by examining multivariate abstract
neural network operators through the lens of positive linear operators. This perspective makes it
possible to apply well-established techniques from approximation theory to neural network structures
defined via finite summations. As a result, both pointwise and uniform approximation properties have
been derived under this new setting.

A notable aspect of the study is the connection established between neural networks and measure
theory through the use of the Riesz representation theorem. This adds depth to the analytical founda-
tion of neural networks and introduces a measure-theoretic view to their approximation capabilities.
Additionally, the consideration of convexity in the analysis allowed us to derive more refined and, in
some cases, optimal results.

Looking ahead, there are several promising directions for further research. One natural extension
would be to investigate broader classes of activation functions and study how the structure of the
network influences convergence behavior. Exploring these operators in different normed spaces or
under alternative topological assumptions could also provide valuable insights. Moreover, introduc-
ing stochastic elements or probabilistic frameworks may help bridge the gap between this abstract
approach and more practical learning scenarios.

Overall, this work initiates a connection between two seemingly distant areas, namely neural
network approximation and classical positive operator theory, and offers a foundation for deeper
mathematical exploration in future studies.

References

[1] G. A. Anastassiou, A K-attainable inequality related to the convergence of positive linear operators. Journal
of Approximation Theory 44 (1985), no. 4, 380–383. DOI: 10.1016/0021-9045(85)90087-5

[2] G. A. Anastassiou, Moments in Probability and Approximation Theory. Pitman Research Notes in Mathe-
matics Series, 287, Longman Scientific & Technical, New York, 1993.

[3] G. A. Anastassiou, Quantitative Approximations. Chapman & Hall/CRC, Boca Raton, FL, 2001.
[4] G. A. Anastassiou, Multivariate and abstract approximation theory for Banach space valued functions.

Demonstratio Mathematica 50 (2017), no. 1, 208–222. DOI: 10.1515/dema-2017-0020
[5] G. A. Anastassiou, Intelligent Computations: Abstract, Fractional Calculus, Inequalities, Approximations.

Stud. Comput. Intell., 734, Springer, Cham, 2018.
[6] G. A. Anastassiou, Parametrized, Deformed and General Neural Networks. Springer, Heidelberg, New York,

2023.
[7] G. A. Anastassiou, Trigonometric and Hyperbolic Generated Approximation Theory. World Scientific, Sin-

gapore, New York, 2025.
[8] H. Cartan, Differential Calculus. Herman, Paris, 1971.
[9] Z. Chen and F. Cao, The approximation operators with sigmoidal functions. Computers & Mathematics

with Applications, 58 (2009), no. 4, 758–765. DOI: 10.1016/j.camwa.2009.05.001
[10] D. Costarelli and R. Spigler, Approximation results for neural network operators activated by sigmoidal

functions. Neural Networks 44 (2013), 101–106. DOI: 10.1016/j.neunet.2013.03.015
[11] D. Costarelli and R. Spigler, Multivariate neural network operators with sigmoidal activation functions.

Neural Networks 48 (2013), 72–77. DOI: 10.1016/j.neunet.2013.07.009
[12] L. B. Rall, Computational Solution of Nonlinear Operator Equations. John Wiley & Sons, New York, 1969.
[13] O. Shisha and B. Mond, The degree of convergence of sequences of linear positive operators. Proc. Nat.

Acad. Sci. U.S.A. 60 (1968), 1196–1200. DOI: 10.1073/pnas.60.4.1196
[14] O. Shisha and B. Mond, The degree of approximation to periodic functions by linear positive operators.

Journal of Approximation Theory 1 (1968), 335–339. DOI: 10.1016/0021-9045(68)90011-7
[15] S. Haykin, Neural Networks: A Comprehensive Foundation (2nd ed.), Prentice Hall, New York, 1998.

https://doi.org/10.1016/0021-9045(85)90087-5
https://doi.org/10.1515/dema-2017-0020
https://doi.org/10.1016/j.camwa.2009.05.001
https://doi.org/10.1016/j.neunet.2013.03.015
http://dx.doi.org/10.1016/j.neunet.2013.07.009
https://doi.org/10.1073/pnas.60.4.1196
https://doi.org/10.1016/0021-9045(68)90011-7


G. A. Anastassiou 41

[16] W. S. McCulloch and W. Pitts, A logical calculus of the ideas immanent in nervous activity. Bulletin of
Mathematical Biophysics, 5 (1943), 115–133. DOI: 10.1007/BF02478259

[17] T. M. Mitchell, Machine Learning, WCB-McGraw-Hill, New York, 1997.
[18] D. Yu and F. Cao, Construction and approximation rate for feedforward neural network operators with

sigmoidal functions. Journal of Computational and Applied Mathematics 453 (2025), Paper No. 116150, 16
pp. DOI: 10.1016/j.cam.2024.116150

[19] S. Cen, B. Jin, Q. Quan, and Z. Zhou, Hybrid neural-network FEM approximation of diffusion coefficient
in elliptic and parabolic problems. IMA Journal of Numerical Analysis 44 (2024), no. 5, 3059–3093. DOI:
10.1093/imanum/drad073

[20] L. Coroianu, D. Costarelli, M. Natale and A. Pantiş, The approximation capabilities of Durrmeyer-type
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